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Abstract

Spreading of certain infections in complex networks is e.ectively suppressed by using in-
telligent strategies for epidemic control. One such standard epidemiological strategy consists in
tracing contacts of infected individuals. In this paper, we use a recently introduced generalization
of the standard susceptible-infectious-removed stochastic model for epidemics in sparse random
networks which incorporates an additional (traced) state. We describe a deterministic mean-3eld
description which yields quantitative agreement with stochastic simulations on random graphs.
We also discuss the role of contact tracing in epidemics control in small-world and scale-free
networks. E.ectiveness of contact tracing grows as the rewiring probability is reduced.
c© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Last several years have seen a tremendous growth of interest in properties and dy-
namics of complex networks [1]. It has been recognized that in many cases, the struc-
ture of the network is intimately related to the mechanisms of network growth, and
can di.er signi3cantly from random graphs or regular lattices. The most interesting ex-
amples of complex networks are so-called small-world (SW) networks and scale-free
(SF) networks. It is believed that many social networks has features reminiscent of SW
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and SF networks. The structure of contacts in populations has important implications
for propagation of infection (or information). Until recently, theoretical epidemiolo-
gists usually ignored this issue and studied so-called mean-3eld models of epidemics
in which it is assumed that at any time the probability to get infected is the same for
all individuals (see, for example Ref. [2]). In other works, spreading of an infection on
relatively simple lattices of individuals has been studied within so-called “forest-3re”
models [3]. In the last few years, the studies which elucidate the role of underlying
network structure in the infection spreading began to appear in the literature [4–7].

In this paper, we analyze the inLuence of the network structure on the elimination
of epidemics through tracing of contacts of infected individuals. This strategy is widely
used for treatment of slowly transmitting and not self-curing diseases such as tuber-
culosis, AIDS and other sexually transmitted diseases. Similar strategies are employed
by law-enforcement organizations trying to uncover criminal or terrorists networks, as
well as for suppressing computer virus propagation, etc. Evidently, contact tracing only
makes sense when there is a well-de3ned network structure underlying population, and
so the structure of this network is crucial for understanding the dynamics of epidemics.

In the recent paper [8], a model of contact tracing has been proposed which was
based on the assumption that infection is a slow branching process, while the contract
tracing occurs at a much shorter time scale. This leads to a standard susceptible-
infectious-removed (SIR) model with rescaled parameters and similar dynamics. In our
recent paper [9], we proposed another model in which infection and contact tracing
possess comparable time scales, and so their interplay determines the dynamics of the
system. In this paper, we continue the analysis of the SITR model in social networks.

2. Stochastic model

Let us consider a population of N individuals whose connections to each other form
a 3xed graph. The degree k of a node n is a number of links between n and other
individuals. In regular lattices, the degree of each node is the same, and in random
graphs the degree distribution is Poissonian with a certain mean degree K = 〈k(n)〉.

We divide all individuals in four categories: susceptible (S), infected (I), traced (T),
and recovered (R).
Infection S → I : Before epidemics, the whole population is assumed to be susceptible

to infection. An outbreak is initiated by infecting one or a few hosts. The probability
of subsequent host infection depends on the state of its nearest neighbors. We assume
that the infection proceeds as a simple contact process: if a susceptible node n has
ki(n) infectious neighbors, during a small Nt time interval it can become infected with
the probability 
 ki(n)Nt.
Tracing I → T : For simplicity we shall assume that there is no spontaneous re-

covery, an infectious individual can only be disinfected externally through screening.
Immediately upon disinfecting, the individual becomes traced (T) for a certain pe-
riod of time during which its neighbors are checked for possible infection. After that
time, the individual spontaneously becomes removed, and its neighbors are no longer
traced.
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Accordingly, individuals are checked with a probability � which depends on the state
of its neighbors. We assume that if an infectious host is checked, it is immediately
cured, eliminated or at least isolated so it cannot infect other hosts. We introduce
two non-exclusive strategies of checking for infectious hosts: random checking and
contact tracing. Random checking means choosing an arbitrary host with probability
�rNt, while contact tracing of host n is done with probability �tkt(n)Nt where kt(n)
is the number of neighbors of n which are in the traced state T . The random checking
process is equivalent to the removal process of standard epidemics [2].
Removal T → R: With certain probability �Nt, traced hosts are transformed into the

removed state, in which they also cannot be infected, but they are no longer under
observation, so they do not initiate contact tracing.

3. Mean-�eld theory

It is easy to see that a mean-3eld approach cannot be applied to the contact tracing,
since it does not take into account the non-uniform distribution of infection in the
population. However, in Ref. [9] we introduced a more sophisticated mean-3eld model
which operates not only with the mean densities of states, but also with the densities
of links connecting nodes with di.erent states. This model is based on the multi-site
(or cluster) mean-3eld theory devised in non-equilibrium kinetics (see e.g. Ref. [10])
and used in mathematical epidemiology by Rand [6] (see also Ref. [7]). While in
general this approach yields an in3nite hierarchy of equations for multi-site correlation
functions, in case of sparsely connected populations, this hierarchy can be closed by
expressing the density of triplets vial local densities and pair densities. Without going
into details of derivation (see Ref. [9]), let us present the resulting mean-3eld equations

ṡ= −
sî ; (1)

i̇ = 
sî − �ri − �ti�̂ ; (2)

˙̂i = (
Ks− 
− �r)î − �t î�̂ ; (3)

˙̂�= 

s
i
îŵ +

(
�t�̂− �t − �− 
 si î

)
�̂+ �r�̂ ; (4)

˙̂w = �rî + �t î�̂− �ŵ ; (5)

˙̂�= 

s
i
(2î + 2 − �̂)î − (�r + �t�̂)�̂ : (6)

Here s; i are the densities of susceptible and infected nodes, î = [is]=s is the mean
number of infectious neighbors per susceptible node, �̂= [i�]=i is the mean number of
traced neighbors per infectious node, ŵ=[st]=s is the mean number of traced neighbors
per susceptible node, and �̂ = [ii]=i is the mean number of infectious neighbors of an
infectious node.

In the standard SIR model (�t = 0), the outcome of the epidemics is determined by
the basic reproduction number R = K
(
 + �r)−1: if R¿ 1, the epidemics engulfs a
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Fig. 1. (a) Evolution of the infection prevalence for di.erent �t , mean-3eld model (lines) and stochastic
simulations (symbols), 
 = 0:1; K = 10; �r = 0:02; � = 0:5. (b) Same for a 3xed �t = · · · at di.erent system
sizes N = 500; 1000; 2000 compared with the mean-3eld prediction (line).

3nite portion of the total population and if R¡ 1, the population of infected individuals
exponentially shrinks. With contact tracing, this is no longer the case. In fact, at the
initial phase of infection the percentage of traced nodes is vanishingly small, and the
number of infected nodes grows exponentially if R¿ 1, however contact tracing can
arrest this growth before i becomes large. Indeed, it can be shown that the fraction
of traced nodes per infected node rapidly reaches a 3nite value �̂0, and that value
re-normalizes the basic reproduction number R� = K
[
+ �r(1 + �̂0)]−1. At �t greater
than

�cr =
(
(K − 1) + �)(
(K − 1) − �r)

�r
; (7)

R�¡ 1, and the initial exponential growth of infection is suppressed before the epi-
demics becomes 3nite, so the total number of infected nodes is independent of the
population size, and depends only on the initial size of infection i(0).

For R�¿ 1, a 3nite epidemic outbreak occurs. More interestingly, the prevalence of
infected nodes exhibit a smaller secondary peak. The nature of this secondary epidemics
can be attributed to the presence of a slow time scale �−1 of removal of traced nodes.
Once the fraction of traced nodes falls below a certain threshold value at which R�=1, a
second epidemic outbreak occurs. This prediction is con3rmed by direct Monte-Carlo
simulations of the original stochastic model (for details of simulation procedure see
Ref. [9]). Fig. 1a shows the fraction of infected nodes i calculated from Eqs. (1)–(6)
for di.erent values of �t . As seen from the 3gure, the maximum number of infectious
nodes is drastically reduced with increase of �t . In the same 3gure, we show the
results of direct stochastic simulations for several �t . Both numerical simulations and
the model exhibit the emergence of the secondary epidemic outbreak after the 3rst one
is nearly suppressed.

While the agreement between the theory and simulations is very good at small
�t , the theoretical prediction of the secondary epidemics underestimates the results of
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Fig. 2. Epidemic size e as a function of �t for 
 = 0:1; K = 10; �r = 0:25; � = 0:5: (a) theoretical curves;
(b) numerical simulations for three di.erent system sizes N = 500; 1000; 2000.

numerical simulations for large �t . This systematic deviation is caused by the 3nite-size
e.ects: for large �t the number of infected nodes after the primary epidemics becomes
very small, and Luctuations become essential. An implicit con3rmation of this can be
seen in Fig. 1b, in which the prevalence of infected nodes is shown as a function of
time for three di.erent system sizes. As seen from the 3gure, the agreement between
theory and simulations steadily improves as the system size is increased.

The suppression of the major epidemics by contact tracing can also be seen in the
dependence of the epidemic size e (total number of infected nodes normalized by
the total number of network nodes N ) on �t for di.erent relative sizes of the initial
infection i(0). Theoretical prediction is shown in Fig. 2a. For chosen parameter values
�cr =3:58. For �t ¡�cr , the epidemic size should become independent of i(0) at small
i(0). For �t ¡�cr , e should approach zero as i(0) → 0. Numerical results shown in
Fig. 2b were obtained in calculations with three di.erent network sizes N = 500; 1000;
2000 and the same number of initially infected nodes (twenty) which correspond to
i(0) = 0:04; 0:02; 0:01. At small �t , e is independent on the system size in agreement
with the theory. At larger �t , smaller networks demonstrate smaller e because of the
3nite size e.ects (small epidemics tend to die out early). However, at even larger
�t ¿�cr , smaller networks demonstrate larger e, because below the epidemic threshold,
the epidemic size is determined by the ratio of the initial infection to the total population
size.

4. Contact tracing in SW and SF networks

The theory presented in the previous sections was developed for random graphs
which are characterized by small clustering and narrow degree distribution. However,
for many social networks these conditions are violated, and they have wide degree
distribution (such as SF networks [11]) or large clustering (SW networks [12]), or
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Fig. 3. The epidemic size as a function of the rewiring probability p for SITR model in an SW network.
Parameters of the SITR model are the same as in Fig. 1.

both. We performed direct numerical simulations of the contact tracing in both SW
and SF networks. The epidemic dynamics in SW networks remains qualitatively similar
to random graphs, since they possess a well-de3ned epidemic threshold in both �r
and �t .

Fig. 3 shows the dependence of the epidemic size e on the rewiring probability p
which characterizes the degree of randomness in an SW network. As we can see, e
changes mostly within the SW range (0:001¡p¡ 0:1) where the clustering coeRcient
and the average path undergo large variations.

The situation in SF networks is more subtle. The presence of highly connected nodes
leads to the absence of the epidemic threshold in simple SIR and SIS models in SF
networks, so for an arbitrary small infection rate the epidemics a.ect a 3nite portion
of the population [5,13]. Thus, it is of interest to see whether contact tracing can lead
to an e.ective limitation of the epidemic size and in particular to the re-emergence of
the epidemic threshold in SF networks, because highly connected nodes can be quickly
traced and removed. Our preliminary simulations suggest that contact tracing do not
lead to the return of the epidemic threshold; however, the size of the epidemics can
be greatly reduced by the contact tracing.

5. Conclusions

In this paper, we studied the role of contact tracing as a part of the epidemic control
strategy. By nature of this strategy, it can only be e.ective in structured networks when
every node is connected to a certain group of other nodes. We demonstrated that by
applying this strategy a major outbreak can be signi3cantly reduced or even eliminated
at a small additional cost. Using multi-site mean-3eld theory, we derived a model of
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contact tracing for random Bernoulli graphs which are characterized by small clustering
and narrow degree distribution. For other types of networks which either have wide
degree distribution or large clustering, the theory has to be modi3ed. The work in this
direction is now in progress.
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