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Penta-Hepta Defect Motion in Hexagonal Patterns
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The structure and dynamics of penta-hepta defects (PHD’s) in hexagonal patterns are studied in the
framework of coupled amplitude equations for the underlying plane waves. An analytical solution for
the phase field of moving PHD is found in the far field, which generalizes the static solution due to
Pismen and Nepomnyashchy. The mobility tensor of the PHD is calculated using a combined analytical
and numerical approach. The results for the velocity of a PHD climbing in slightly nonoptimal
hexagonal patterns are compared with numerical simulations of amplitude equations. The interaction
of penta-hepta defects in optimal hexagonal patterns is considered.

PACS numbers: 47.20.Ky, 47.27.Te, 64.90.+b
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Hexagonal patterns in nonequilibrium extended system
are formed as a result of superposition of three plane wav
oriented at120± with respect to each other. They appea
naturally in a large variety of pattern-forming systems i
fluid dynamics, optics, chemical kinetics, etc. [1]. Th
most generic defect in hexagonal patterns is the so cal
penta-hepta defect (PHD) which is a bound state of tw
dislocations of opposite winding numbers on two differen
wave systems [2]. In the paper [3] we have demonstrat
that the mechanism which provides the binding force is th
synchronization of the phase fields in the bulk of the syste
so the resonant condition for phases can be fulfilled eve
where except at the core of the defect. If the wave num
bers of waves composing the hexagonal pattern are eq
to the onset value of cellular instability, the PHD stay
put. Meanwhile, observations of penta-hepta defects
non-Boussinesq Rayleigh-Bénard convection and in oth
systems demonstrate that PHD’s in fact move slowly an
eventually annihilate or disappear at the boundaries [
It is conceivable that the motion of PHD’s is caused b
the ambient strain due to the deviation of the wave num
bers from the onset value (and thus provides a wave nu
ber selection mechanism), or by defect interaction wi
each other. An example of a nonoptimal hexagonal pa
tern, nonequilateral (rhombic) hexagons, was consider
recently in a number of papers [5,6]. As we shall see, ev
equilateral hexagonal patterns with wave numbers differe
from the optimal value produce the driving Peach-Köhle
force for a penta-hepta defect. These nonoptimal equil
eral pattern were considered in [7–9].

In this Letter, the motion of PHD’s in nonoptimal
hexagonal patterns is considered. The analysis is carr
out in the framework of three coupled equations for th
complex amplitudes of individual waves. These equatio
constitute the simplest heuristic model for hexagon
patterns and play essentially the same role here as
complex Ginzburg-Landau equation for oscillatory med
or the Newell-Whitehead-Segel equation for roll pattern
in isotropic media.

The order parameter of the hexagonal pattern is writt
in the form a  e1y2

P3
j1 Bj expfiskj 1 Kjdrg 1 c.c.,
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wheree is a small parameter characterizing the distan
above onset, all threejki j  k0, the onset wave num-
ber of the symmetry-breaking instability,k1, points in
the x direction (polar anglef  0), and k2,3 point at
f  62py3, respectively. Kj are rescaled corrections
to the optimal wave vectorskj,

P3
j1 Kj  0 from the

resonance condition. The complex amplitudesBj are
slow functions ofR  e1y2r and T  et. Bj satisfy the
following triplet of equations [8]:

≠T Bj  sm 2 K2
j dBj 1 Bp

j21Bp
j11 2 sjBj j

2 1 gjBj21j
2

1 gjBj11j
2dBi 1 snj ? =d2Bj 1 2iKjsnj ? =dBj .

(1)

Herenj is the unit vector oriented along the wave vect

of wave j, n1  s1, 0d, n2  s2 1
2 ,

p
3

2 d, n3  s2 1
2 , 2

p
3

2 d,
index j is defined modulo 3, the coefficient of quadrat
nonlinearity is rescaled to unity,m is the rescaled super-
criticality parameter,g is the ratio of the coefficient of cu-
bic interaction of rolls of different orientation to the coef
ficient of cubic self-interaction, andKj  snj ? Kjd. Spa-
tial gradients are calculated with respect to the slow va
ableR, and asterisks denote the complex conjugate. T
applicability of these equations to the description of re
hexagonal patterns has been discussed earlier [3,8,10]

Equations (1) have a family of uniform stationar
solutions,B0

j , of which only the equilateral one (Kj  K)
can be expressed in a simple analytic form,

B0
j  B0 ;

1 1
p

1 1 4sm 2 K2ds1 1 2gd
2s1 1 2gd

. (2)

In the general case of differentKj the amplitudesBj are
different, and the solutions are known as rhombic patter

Spontaneously formed hexagonal patterns are usu
defect ridden. Various defects have been described
the literature (see, for example, [11]). Most of them
are not stable and either disappear quickly or transfo
into basic penta-hepta defects. A PHD is a bound st
in which two of the three modes have dislocations wi
opposite winding numbers. Without loss of generality w
will consider a particular form of penta-hepta defect wi
© 1995 The American Physical Society 4201
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positive dislocation in mode 2 and negative dislocatio
in mode 3. Mode 1 contains no dislocations. Th
corresponding static solution to (1) withKj  0 can be
written in the formAj  FjsR, fd eiujsR,fd, whereR and
f are polar coordinates,

H
C =u1ds  0,

H
C=u2,3 ds 

62p, F1,2s0d  0, F123s`d  B0, and C is a closed
contour encircling the origin. This solution cannot b
expressed in a closed analytic form. However, in the f
field where all the amplitudes approach the asympto
value B0, the following solution for the phase fieldsuj

depending only on the polar anglef has been found [10],

u1  s1 2 cos2fd
p

3
6

,

u2,3  6f 2

∑
1
2

2 cos
µ

2f 7
2p

3

∂∏p
3

6
. (3)

In order to find the equations of motion for the penta
hepta defect inthe nonoptimal hexagonal pattern, w
assume that the PHD moves with a constant velocityV.
Transforming into a moving frameR0  R 2 VT then
yields the set of stationary equations forBjsR0d which
coincides with (1) with≠T replaced by2V=Bj . Then
we project these equations onto their two orthogon
translational modesh≠p

j p Bjj and h≠p
hBjj [we choose

a new coordinate framesj, hd where j  X cosc 1

Y sinc is the coordinate along the defect motion,h 
Y sinc 2 X cosc orthogonal to that, andc is the angle
between the direction of defect motion and theX axis]:

I
$

? V ;
µ

Ijj Ijh

Ihj Ihh

∂µ
V
0

∂


µ
T1

T2

∂
, (4)

whereI
$

is the mobility tensor of the PHD,

Ijj 

*
3X

j1
j≠jBjj

2

+
, Ihh 

*
3X

j1
j≠hBjj

2

+
,

Ijh  Ihj 
1
2

*
3X

j1
≠jBj≠hBp

j 1 c.c.

+
,

T1  2pfjB0
2j

2K2 sinsc 2 2py3d

2 jB0
3j

2K3sinsc 1 2py3dg,

T2  2pfjB0
2j

2K2cossc 2 2py3d

2 jB0
3j

2K3 cossc 1 2py3dg .

and k· · ·l 
RR

· · · dXdY . All other terms from the right-
hand side (RHS) of Eq. (1) vanish upon integration und
the usual boundary conditions at infinity. Here we use
the formula

k≠XBj≠Y Bp
j l 2 c.c.  2pidjjB

0
j j

2, (6)

wheredj is the winding number of the dislocation at the
particular mode,d1  0 andd2,3  61, respectively.
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Equations of motion (4) indicate that the penta-hep
defect is driven by superposition of two Peach-Köhl
forces corresponding to a strain at singular modes 2
If K2,3  0, the defect does not move. The strain
the nonsingular mode 1 does not enter explicitly in
the equations (4); however, implicitlyK1 affects the
amplitudesB0

j .
The well known difficulty in treating equations of mo

tions for topological defects is that integrals entering the
mobilities diverge. Indeed, with the static phase appro
imation solution (3) components ofI

$
diverge logarithmi-

cally at both small and largeR. At small R the phase
approximation is not valid, and the stationary solutio
of the full amplitude Eqs. (1) should be employed.
more serious problem arises at largeR. Evidently, one
could introduce anad hoclarge-scale cutoff due to finite-
size effects, and therefore the mobility will be logarith
mically dependent on the size of the box. This may
relevant only for small systems (VRbox ø 1). Another
possibility considered in the literature [12,13] for regula
dislocations is to use solutions corresponding to movi
defects. In this case the integrals converge and the
fore a finite velocity of dislocations can be found eve
in the large box limit (VRbox ¿ 1). In the spirit of the
calculation scheme [13] we assume that allKj are small,
therefore the velocity of the PHD is also small, and th
solution describing moving defect differs from the sta
tionary one only at large distancesR , V21 ¿ 1, where
the phase approximation is well justified. Therefore th
region of integration for the components of the mob
ity tensor can be split into two parts; in the inner regio
(R , R0, where1 ø R0 ø jV j21) the stationary PHD so-
lution can be used, and in the outer region (R . R0) the
phase approximation can be used to simplify the task
finding the moving PHD solution. AtR , R0 the static
phase approximation solution (3) is applicable, so bo
parts should depend onR0 logarithmically. After adding
them together the radiusR0 should drop out.

The details of this rather involved calculation will b
published elsewhere [14]. The final expressions for t
mobility components are relatively simple,

Ijj  2 B2
0fs5py2d lnsw1V d 2 p cos2c lnsw2V dg

Ijh B2
0p sin2c lnsw3V d , (7)

where w1  1.24, w2  1.14, andw3  2.00 (we do not
needIhh).

Now we can substitute (5) and (7) into (4). Sinc
we already assumed all threeKj small, without further
loss of accuracy we can take in (5) all threejBjj  B0,
after which it is canceled. Thus we obtain a set of tw
nonlinear algebraic equations forV andc,
5
2 V ln sw1V d 1 V ln sw2Vd cos2c  2K2 sins2c 1 2py3d 1 2K3 sinsc 1 2py3d ,

V ln sw3V d sin2c  2K2 coss2c 1 2py3d 2 2K3 cossc 1 2py3d . (8)
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In these equations there are only threeOs1d constants
which (for small Kj) are functions of the parameters
m andg only.

Equations (4) have been written for a particula
penta-hepta defect with positive dislocation in mode
negative dislocation in mode 3, and no dislocation
mode 1. We label it ass0, 1, 21d. Totally, there exist
six distinct penta-hepta defects,s0, 1, 21d, s1, 0, 21d,
ands1, 21, 0d, and their mirror images (conjugate defects
s0, 21, 1d, s21, 0, 1d, ands21, 1, 0d. The equations for
s1, 0, 21d ands1, 21, 0d PHD’s can be obtained from
Eqs. (8) by the cyclic relabeling ofK1,2,3 and replacingc
by c 6 2py3. For a conjugate PHD, the mobility tenso
remains the same, but the RHS of the equations of moti
changes sign. Obviously, for conjugate defects,V p  V
andcp  c 1 p.

Numerical simulations of the amplitude equations (1
were performed using a split-step pseudospectral meth
Typically we used2562 spatial harmonics with periodic
boundary conditions. We used two physical system siz
L  100 and40 to check the importance of finite-size
effects, and the time step was chosen as 0.1. To dimin
the effect of periodic boundary conditions we introduc
a circular ramp atR . 0.4L. In all examples described
below m  1, g  2. As the initial condition we take
a static (0,1,–1) defect placed in the middle of th
integration domain.

In Fig. 1 the magnitude and angle of the velocity vecto
found from (4) are plotted together with the results o
direct numerical simulations versusK3 for K1  K2  0.1.
Quantitative comparison indicates that both the directio

FIG. 1. Velocity vector of a PHDs0, 1, 21d as a function of
wave number correctionK2 at K1  0.1, K3  0.1. Main panel:
angle with respect to theX axis, parametersm  1, g  2;
inset: magnitude. Solid lines: theory, Eqs. (8); open circle
numerical simulations of (1) with system sizeL  40; solid
circles: same forL  100.
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of motion and the magnitude of the velocity are in
good agreement with the theoretical analysis. Numeric
calculations confirm that the direction of PHD motion
strongly depends on the combination of the wave numb
corrections at the singular modes. Wave number detun
at the nonsingular modeK1 only weakly affectsV via the
amplitudesB0

j . Notably, even if all three wave vectors are
equal (but nonoptimal), the PHD still moves along theX
axis (the wave vector of the nonsingular mode).

It is tempting to apply the equations of motion (8) di
rectly to the interaction of two PHD’s. Indeed, when two
PHD’s are far enough apart, they interact entirely throug
phase perturbations. Each defect distorts the phase fi
and therefore creates a slightly nonoptimal hexagonal p
tern at the location of another defect. However, if we a
sume that the field is static, and estimate the convergen
velocity for a distanceR, we obtainVR . 2 which clearly
is inconsistent with this assumption. Strictly speaking
the phase field “remembers” the whole previous path
the defects, and therefore Eqs. (8) can give only qualit
tive predictions for the defect interaction.

Here we present some of the results of numerical sim
ulations of interacting penta-hepta defects in an ideal (
Kj  0) pattern. The result of interaction (attraction or re
pulsion) of two PHD’ssd1

1 , d
1
2 , d

1
3d andsd2

1 , d
2
2 , d

2
3d depends

on the numberN 
P3

j1 d
1
j d

2
j . It can only take values of

22, 21, 1, and 2. If N , 0 defects are attracted, and in
other cases they repel each other. In Figs. 2(a) and 2
two families of PHD trajectories are shown for several in
tial positions of defects. Figure 2(a) illustrates the attra
tion of two conjugate defects,s0, 1, 21d and s0, 21, 1d (in
this caseN  22 and defects are attracted). After col
lision pairs of dislocations at modes 2 and 3 annihilat
and thus a perfect hexagonal pattern is established. Me
while, two PHD’s of the same types0, 1, 21d (hereN  2)
repel each other [see Fig. 2(b)]. For two different PHD’
s0, 1, 21d and s21, 0, 1d, N  21, and the defects are at-
tracted again; however, complete annihilation does not o
cur. Instead, conjugate dislocations at mode 3 annihila
and the remaining dislocations at modes 2 (from the fir
PHD) and 1 (from the second PHD) immediately form

FIG. 2. Trajectories of interacting penta-hepta defects. Op
circles indicate positions of the defect cores with time in
terval DT  2.5. Arrows point toward directions of motion;
(a): s0, 1, 21d (solid) ands0, 21, 1d (dashed); (b):s0, 1, 21d and
s0, 1, 21d. For each case, four sets of initial conditions are take
(they are labeled 1–4 in the figures).
4203
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new penta-hepta defects21, 1, 0d. As this defect is alone,
and the ambient strain is absent, the defect stays put.

In Fig. 3(a) the distance between the two cores
shown as a function of time for interactings0, 1, 21d and
s0, 21, 1d defects. The rate of convergence varies with th
initial positions of the defects. Attraction is strongest fo
defects aligned along theY axis, and weakest for defects
aligned alongX axis. Figure 3(b) plots the same dat
in logarithmic coordinates. Rather unexpectedly, one c
see that over large time intervals the data are consist
with R ~ sTc 2 T d1y2 law, which in turn suggestsV ~

R21 scaling. Up to logarithmic corrections this scaling
is what one could expect in the static approximatio
discussed above. The same scaling is observed for ot
PHD configurations.

We investigated the motion of penta-hepta defec
in slightly nonoptimal hexagonal patterns and the
interaction. It follows from our results that PHD’s pro-
vide an important mechanism for wave number selectio
in hexagonal patterns, similar to dislocations in ro
patterns. PHD is stationary only in the perfect patte
with wave numbers of all three modes equal to the ons
value (in hexagonal patterns it does not correspond
the boundary of zig-zag instability) [15]. In nonoptima
hexagonal patterns a PHD is driven by the superpositi
of two Peach-Köhler forces, corresponding to two sing
lar modes. PHD’s attract or repel each other dependi
on the parameterN introduced above. The trajectories
of interacting defects may be rather complicated. Fu
thermore, when two attracting PHD’s collide, they do no
necessarily annihilate, but may give rise to another PH
with a different topological structure.

Equations (1) represent the simplest possible model
hexagonal pattern formation. Nevertheless, it captur
most generic features of real hexagonal patterns. W
believe that detailed experiments with thermoconvectio
or parametric ripples similar to ones which have bee
performed for dislocations in roll patterns [16] could
test the predictions of our theory. More realistic mode

FIG. 3. Distances between interacting penta-hepta defe
s0, 1, 21d and s0, 21, 1d versus time. (a): linear coordinates
(b): logarithmic coordinates. Labels 1–4 correspond to differe
initial positions of the defects, as shown in Fig. 2(a). Th
straight line indicates theR , T21y2 law.
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usually include nonvariational terms (see, e.g., [6]). Whe
these terms are not small (usually far from threshold), th
can affect the defect dynamics significantly, for exampl
lead to the spontaneous nucleation of defects and comp
spatiotemporal behavior known as defect chaos.
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