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one gathers more information aboutxn and can produce a better
estimationx̂n. As previously said, finding the optimal computation
of x̂n for given k is not an easy task. Therefore, we choose a very
simple computation which emerges straightforwardly from our goal
to reduceemax

x̂n = min
u2[0; 1)

max
i=0; 1; ���; k�1

jBi
2(yn; u)� zn+ij (5)

where

B
i
2(yn; u) =

u; for i = 0

Bi�1[B1(yn; u)]; for i � 1

that is, forx̂nwe choose the valueu 2 [0, 1) that produces the most
“similar” trajectory to the noisy received symbols, where the criterion
of “similarity” is the maximal distance between the trajectories. Fig. 2
shows the dependence oferms and emax on k for different r. As
shown in Fig. 2, increasing the number of symbolsk which take part
in the computation of̂xn decreasesemax as well aserms and improves
the quality of the synchronized motion. According to our simulations
emax did not depend onr for the examined range ofr values and
therefore in Fig. 2 there is only one curve representingemax.

V. CONCLUSION

For generating partitions: 1) a chaotic system turns into an in-
formation source whose source entropy is equal to the KS entropy
hKS and 2) there is an injective mapping between initial states of the
chaotic system and coarse-grained trajectories. According to the noisy
channel theorem [12], the coarse-grained trajectory can be transmitted
with negligible probability of error over a channel with capacity
C > hKS. In other words, ifC > hKS, then using generating
partitions one can produce arbitrarily small synchronization error,
i.e., a HQSM. Achieving error-free transmission at information rates
arbitrarily close to the channel capacityC has been a hot area of
research in the last almost 50 years and significant results have
been produced amongst which probably the most significant is the
TCM. We believe that the problem of improving the synchronized
motion which is very sensitive to the noise influence, and establishing
a HQSM can be solved with application of the knowledge from
information theory. The example from Section IV contributes to this
aim, and illustrates how the principles of the TCM can be employed
in achieving a HQSM.
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Small Force Control of Nonlinear Systems to
Given Orbits

Henry D. I. Abarbanel, Lev Korzinov, Alistair I. Mees,
and Nikolai F. Rulkov

Abstract—Using a low frequency nonlinear electrical circuit, we ex-
perimentally demonstrate an efficient nonlinear control method based on
our theoretical developments. The method works in a state space for
the circuit which is reconstructed from observations of a single voltage.
Assuming small control variations from the uncontrolled state, the method
is fully nonlinear and “one step” optimal. It requires no knowledge of local
state space linearizations of the dynamics near the target state. Starting
from various initial states within the basin of attraction of the circuit
attractor, we control to a period one and to a period two target orbit.
Each target orbit is an unstable periodic orbit of the uncontrolled system.

Index Terms—Chaos, control, nonlinear, optimal.

I. INTRODUCTION

Nonlinear dynamical systems in a regime where their uncontrolled
motion can be chaotic are unstable everywhere on their attractor
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[1], [2]. Controlling such systems to regular orbits of the dynamical
equations, unstable in the parameter settings of the observed system,
should be possible using very small forces, judiciously applied. The
targets of control we consider here are theunstable periodic orbits
(UPO’s) of the dynamical system. This idea was expressed by Ott,
Grebogi, and Yorke [9] and in papers based following theirs [10].

The UPO’s are allowed system orbits, and they can be controlled
with small forces. In [3], we introduced an efficientone stepoptimal
control scheme which rested on the idea that the control parameters
would deviate only slightly from their value in the uncontrolled
oscillations. We linearize our dynamics in those control forces. No
linearization in the dynamical state variables is made or required. We
realize our control strategies in a state space which is reconstructed
from the observation of a scalar. Our ability to reconstruct that phase
space is now quite refined.

A critical ingredient in our control method is this state space
reconstruction [1], [12], [14]. It allows us to measure a single variable,
here a voltage, and create a coordinate system which unambiguously
captures the motions of the original multivariate dynamics. It is
crucial to the control of nonlinear systems exhibiting chaos that the
control methods be employed in the multivariate reconstructed phase
space. To control, one must predict one or a few steps ahead in order
to determine the required external forces or controls to apply to direct
the system to a target state. Prediction is severely degraded in state
spaces of too small a dimension as system trajectories which should
be separated in the correct dimension are projected onto each other
in lower dimensions. This overlap destroys accurate predictions and
thus control.

Ott, Grebogi, and Yorke (OGY) [9] pointed out that control
schemes can take advantage of the sensitivity of chaotic systems to
small perturbations. Their method linearizes the dynamical equations
in a neighborhood of the target set and controls when the system
enters that neighborhood. This method requires knowledge of the
stable and unstable manifolds of the target set, and this must be
learned. The occasional proportional feedback method [4], [7], [11]
is a variant of OGY in which a simple linear feedback controller is
used in a small neighborhood of the target set. One of the difficulties
of OGY is the possibly exponentially long waiting time before the
system enters the target neighborhood. There is a body of work which
overcomes this by a technique called targeting [6], [13]. Targeting
requires extensive knowledge of the system dynamics and is unlikely
to be suitable for practical control in systems of high dimension.

The controller described in this brief differs from OGY and its
variants in that it is not applied only in a neighborhood, and that it is
fully nonlinear is state space variables. That is, it is neither occasional
nor proportional. Our method is optimal over one or a few time steps,
though it need not be globally optimal. It does not entirely remove
the need for some analog of targeting in the most difficult cases, but
no such addition has been necessary in the circuit experiments we
describe here, nor indeed in the simulations we have performed on
other systems. In this brief, we report on experiments in which we
use our methods to control a nonlinear electrical circuit when it is
undergoing chaotic oscillations. We measure a single voltage from
that circuit and control by varying that voltage externally.

II. SMALL FORCE CONTROLS

Our goal is realization of practical algorithms for control of
systems for which no realistic, useful or possibly accurate models
are available. We assume a good data set is available allowing
reconstruction of a state space and the dynamics for the system.
The observations are made with a finite sampling time�s, and from
measuringv(t) = v(t0 + n�s) = vn we create a multivariate vector

space which unfolds the system attractor (T is an integer)

zn = [vn; vn�T ; vn�2T ; � � � ; vn�(d �1)T ]: (1)

Associated with these observations we have a dynamical model

zn+1 = F(zn; un) (2)

where the vector fieldF(�; �) is to be locally reconstructed numer-
ically. The control forces are theun.

We start with scalar control forces; typically this means that only
one of the dynamical variables, probably the same variable as being
observed, can be forced. We assume that the magnitude of the
control forces always has small variations about the uncontrolled
state, identified asun = 0, so we can write

F(z; u) = f(z) + g(z)u (3)

and at all stages we only consider terms linear in the small forces.
This equation is only used for calculating the control; the system
evolves according to (2), not according to (3). Since we end up
with a feedback controller, the fact that (3) is an approximation is
less important than it would be if we were to design an open-loop
optimal controller.

The reason we focus on small force controls is twofold: 1) it is
desirable as it requires minimal expenditure of energy in the control
and 2) it means that we make small deviations from the dynamics in
its uncontrolled form. We can always expect this approximation to
be accurate when we seek to control to UPO’s of the uncontrolled
system. If we wished to control the system to other orbits, smallu

would not work in general. It is quite important that we linearize
in the magnitude of the control force and not in any aspect of the
dynamics having to do with the state space variableszn; the problem
retains its essential nonlinearities.

A natural question to ask is whether we can control this system to
any target point in thedE-dimensional space and stabilize the target
once we get there. The answer, clearly, depends on the structure of
the vectorsf(z) andg(z). Basically we want to make sure that all
directions in the state space are spanned by application of the control
so we are assured that by appropriately choosing the forces at each
time step we can steer the uncontrolled orbit to any location we
wish. As in addressing the same question for linear dynamics, for the
nonlinear dynamics we find that a particular sequence of vectors

g; (g � r)[(f � r)k]f (4)

for k = 0, 1, 2, � � � ; dE � 2 must span thedE-dimensional state
space in order to enable the scalar control to direct the system into
an arbitrary direction in that space. In reconstructed state space this
criterion holds wheneverg(z) 6= 0.

We may need to plan several steps of control to be sure to reach the
target: a single step control plan may be incapable of targeting and
stabilizing even an equilibrium state. This issue is discussed in detail
under the heading ofrelative degreeby Isidori [5] and elsewhere; the
notation used is different from ours but the result is the same.

III. D YNAMICS IN RECONSTRUCTEDSTATE SPACE

In our experiment we measured a voltagev(t) every�s = 0.8 ms.
From this we form vectorszn. A systematic approach to the selection
of T anddE is found in [1], and we shall not repeat the details here.
The basic idea is to determineT so the components of the vector are
independent of each other in an information theoretic fashion and to
determinedE so that the orbits in this reconstructed state space do not
overlap because of projection from a larger space. The analysis was
performed with the commercially available Windows 95/NT package
“TOOLS FOR DYNAMICS: cspW” and the UNIX version cspX.
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Fig. 1. The circuit diagram for the nonlinear circuit.

The mutual information among the components of the state vector
zn determined that we should takeT = 16. We downsampled our
data by a factor of four, leading toT = 4, and an effective�s =
3.2 ms.

Using the vectors

zn = [vn; vn�4; vn�8; � � � ; vn�4(d �1)] (5)

the method of false nearest neighbors determines the value ofdE .
This led todE = 3. The local or dynamical dimensiondL of the
observations is such thatdL � dE . Using methods described in detail
in [1], we evaluated local false nearest neighbors here and found that
dL = 3.

Using the algorithms discussed in [1] we evaluated thedL = 3
Lyapunov exponents associated with these data. We found the global
values�1 = 0.026,�2 = 0.0, and�3 = �0.86. The presence of
a zero exponent tells us that we have three ordinary differential
equations determining our data. The value of the largest exponent
sets the prediction horizon for this system to be approximately1=�1
units of the sampling time. This means we should be able to predict
the behavior of this system about 39 steps of�s or about 124 ms
ahead of any time on the average over the attractor. Using local
predictors in the reconstructed state space, we verified that we could
make accurate predictions about 40 to 50 steps ahead of any data
point, thus setting the scene for the control procedure.

IV. THE CONTROL METHOD

We want to control the system to a target locationw in the state
space. This location will be a point on a UPO of the uncontrolled
system.

We begin the control by noting the initial pointz0 of the system.
Among the set of points on the selected UPO find that one,w0, closest
to z0. The target for control is the “next” point:w = F(w0; u = 0).

We have described control in one step elsewhere [3]. The key
element is to assume that the magnitudes of the control parameters
un remain small, so we may write

F(z; u) = F(z; 0) + g(z)u: (6)

We wish to control to the locationw using the controlu immediately
after observing the system in the statez0. The system arrives at

z1 = F(z0; 0) + g(z0)u (7)

after one step, and we wish to minimize the distance between this and
the locationw subject tojuj � � for some given�. For vector-valued
u we interpret the inequality componentwise. To allow a degree of
extra generality we take as our cost function

J =
1

2
jz1 �wj

2
+

B

2
juj

2
: (8)

This provides a penalty for large controls. Minimizing this with
respect tou leads to the choice

u = �[BI+ g(z0)
T
g(z0)]

�1
g(z0)

T
[F(z0; 0)�w]: (9)

We deal informally with the constraintjuj � �, by replacingu with
�sat(u=�) where the saturation function is defined for each element
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Fig. 2. Poincaŕe section of the circuit plottingv(ti) versusv(ti�1).

of its argument by

sat (p) =
p if jpj � 1

sgn (p) otherwise.
(10)

For full details of the derivation, see [3].
Applying the saturation function does not in fact give the exact

solution in all cases, if the dimension ofu exceeds 1. The approx-
imation is usually adequate for our purposes. The alternative is to
solve a quadratic program every time we have to findu. We have
avoided doing this for the sake of computational efficiency, but if
one is performing offline calculation to construct a lookup table of
u values, as described later, the quadratic program can be solved
without difficulty. This minor complication only arises for vector-
valued controls. Our control rule was explored earlier [3], using
simulations of a circuit similar to the one used in the present work.

Here we takeB = 0. Then, if u is scalar or we use the above
approximation, the control is

u = � sat
(gTg)�1gT [F(z0; 0)�w]

�
: (11)

V. THE CIRCUIT

The circuit diagram for our experiments is shown in Fig. 1. It has a
nonlinear converter which we could model with reasonable accuracy,
but we assume it is unknown for the present purposes. The control is
applied through a summing element which is the input of the system.
The voltagev is measured at the point shown asx(t). The highest
frequency at which we could perform the experiment was limited by
the characteristics of Windows 95. For data acquisition and control
we used a DAQ board (model AT-MIO-16X) installed in a 90 MHz
Pentium computer.

A. Approximating the Dynamics

Our control method does not use any information about the circuit
equations, only the measured time series from the circuit. We learn the
dynamics of the system from the time series using standard methods.
In this case, determining the dynamics only on a Poincar´e section is
quite adequate for control. In higher dimensions it may not be worth
the trouble to make Poincaré sections. Here we found that using
only the Poincar´e section dynamics gives quite good results and has
significant computational advantages.

Fig. 3. A schematic of our control method. For period one orbits,P = 14,
ton = 5 ms, to� = 10 ms, and� = 3.2 ms.

Fig. 4. The controlled period one orbit. The orbit starts near (�2.8, 1.8) and
moves quickly onto the selected orbit shown as a darkened line.

B. Poincaré Section

There are many ways to find a Poincaré section but we choose one
of the simplest: consider successive maxima of the time seriesv(t),
i.e., select successive timesti at whichv(t) satisfies

dv(t)

dt
=0

d2v(t)

dt2
< 0: (12)

For our electronic circuit the Poincar´e section is 2-D and convenient
coordinates on the section are[v(ti); v(ti�1)].

Since the data are sampled at discrete time intervals�s, and ti

need not be a multiple of�s, we may need to use quadratic or
higher order interpolation on points near the relative maxima of the
sampled series to obtain sufficient accuracy. In the experiment we
found that quadratic interpolation of the samples defined the maxima
to an accuracy comparable with intrinsic errors due to noise and
measurement inaccuracy.

Fig. 2 shows such a Poincar´e section. Period-1 fixed points lie
on the 45� diagonal. For our experiments we selected the orbit
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(a)

(b)

Fig. 5. The observed voltage (top trace) and control voltage (lower trace) as a function of time after control was applied.

puncturing the section atv = �0.45. This is anunstable period-1
orbit with periodP � 14 ms.

We also performed an experiment controlling period-2 orbits which
are found by looking for fixed points in the[v(ti); v(ti�2)] plane.
We report here on the period-1 orbits only; the results are essentially
identical for those period-2 UPO’s.

Once the Poincaré section is known we need to learn the map
F(z; 0) and the derivativeg(z) with respect to the control voltage.
For the present circuit the Poincaré section dynamics is very well
approximated by aone-dimensionalmapzi+1 = F (zi; ui). We esti-
mateg by applying fixed values of the control parameter, observing
the resulting time series, and evaluating the resulting map.

Control is applied during a short time period after the trajectory
intersects the Poincaré section. The timing of the control process is
as follows. For time to do the required calculations, control is turned
on at ton = 5 ms after intersection with the Poincaré section and is
turned off 5 ms later. Choosing the right timing requires a certain
amount of experimentation.ton should be long enough for all the
calculations. Also, we needto� < P � � , whereP is the period of
the trajectory and� = (dE � 1)T . We foundto� = 10 ms which is
less thanP � � = 10:8 ms. This process is illustrated in Fig. 3.

Recording the dynamics with and without control gives us two
databases. The points in the uncontrolled database arefNig, and
in the controlled database,fKig. To defineg we use a zero-order
approximation of the dynamics: to predict the value of the function at
any pointz we search for the indicesn(z) andk(z) corresponding
to nearest neighbor ofz in each database, and then look at their
successors. That is

F(z; 0) =Nn(z)+1 (13)

F(z; �) =Kk(z)+1: (14)

The vectorg is approximated as

g(z) =
F(z; �)� F(z; 0)

�
: (15)

The value of� should be small enough that the linear approximation
is accurate, but large enough to allow us to measure the changes in
the dynamics with sufficient accuracy. In our experiments, we found
a good choice to be a value of� which gave a one-step change

in z in the range of 1–5% of the diameter of the attractor. We can
construct a database of values ofg andu for eachNi, and so reduce
the run-time calculations almost entirely to database lookup.

We summarize the control algorithm as follows. All steps except
the last are done off-line.

1) Record a trajectoryfNig; i = 1; � � � ; T of the system with
the control set to 0.

2) Record a trajectoryfKig; i = 1; � � � ; T of the system with
the control set to�.

3) Create an emptyu-database, to store values of the controlu

indexed by state space pointsz.
4) For eachi = 1; � � � ; T � 1,

a) Let sj be the nearest point in the target set toNi and
let w = sj+1.

b) LetKk be the nearest point in the recorded controlled
trajectory toNi and define

gi =
Kk+1 �Ni+1

�
:

c) Define u from our control rule and record it in the
u-database, indexed byNi.

5) To apply control when the system is in statez, find the nearest
indexNi to z in the database and use the controlu that it
refers to.

Our target is a fixed point on the Poincar´e section as described
above. We collected data foru = 0 for 30 s and with� = 0.1 for 30
s. We then calculated the control withB = 0 and� = 5. After only
two or three cycles the system response was the heavy curve in the
embedding in Fig. 4. This is the selected orbit. Fig. 5 displays the
voltagev(t) and the control parameteru(t) as we capture then control
the nonlinear circuit. The upper trace is the voltage from the circuit
which settles into a periodic orbit, while the lower trace is the control
signal u(t) which makes sizable excursions but quickly becomes
small. Small is relative to the overall scale of other parameters in
the system which are of order ten.
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VI. CONCLUSIONS

We began with a discussion of control of nonlinear systems
with small forces using a “one step” control method which allows
control without determination of phase space Jacobians and stable and
unstable directions. This is in direct contrast to the widely discussed
method of Ott, Grebogi, and Yorke which work well when the system
dynamics is low dimensional. Our methods will work in higher
dimensions as well.

This brief constitutes the experimental demonstration of our simple,
computationally efficient nonlinear control method. The method relies
on requiring small control efforts which take advantage of the intrinsic
instabilities of nonlinear systems operating in chaotic regimes to
provide the main control forces. The control method, described in [3],
requires no linearization of the dynamics in the state space variables,
thus it retains the full nonlinear dynamics of the process while also
requiring small control—both desirable aspects of a control method.

The actual control method is remarkably simple and from a
mathematical point of view requires little else beyond the solution
to a quadratic equation. We see this as one of its virtues as far as
implementation. As we noted earlier the simplicity of the method
relies on requiring small control forces, and this is precisely what
we need to control to UPO’s of a system as those UPO’s are also
solutions to the uncontrolled dynamics. Controlling to other orbits
would generally require larger forces, and our method would not
apply.

Our experimental setup is a low frequency nonlinear electrical
circuit. We selected this circuit because we had knowledge that
it performed chaotic oscillations; it has no particular application
or purpose beyond the experiment itself. In the observations we
measured a single voltage and reconstructed a state space in which
the orbits of the circuit were unfolded from their projection onto this
voltage axis. Then, we used our ability to make accurate predictive
models of this system and employed the one step control strategy
directly in this reconstructed state space. We worked on a Poincaré
section through the attractor in the three-dimensional reconstructed
space, and this simplified our control method even further. On the
Poincaŕe section we identified first two period one unstable orbits of
the uncontrolled system. They appear as fixed points on the Poincaré
section, and controlled to a selected one of them with success. We
also identified several period-2 orbits and controlled the circuit to
those orbits as well. The details of that effort are not reported here
because of space limitations.
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Stabilizing Periodic Orbits of Forced Systems
via Generalized Pyragas Controllers

M. Basso, R. Genesio, and A. Tesi

Abstract—This brief deals with the problem of designing linear time-
invariant feedback controllers to stabilize unstable periodic orbits for a
class of sinusoidally forced nonlinear systems. Exploiting the classical
circle criterion, a sufficient condition for the stabilization of unstable
periodic solutions is derived for a class of controllers that generalizes
the time delayed one proposed by Pyragas. Based on this condition, a
technique for designing optimal controllers is proposed. The validity of the
technique and the performance of the designed controllers are illustrated
via one example concerning the forced Duffing oscillator.

Index Terms—Feedback systems, nonlinear controk, periodic solutions,
stablilty.

I. INTRODUCTION

The problem of controlling chaos is an important research topic
in the area of nonlinear systems (see [1]–[5] and references therein).
Among several others, one of the most frequent objectives consists in
the stabilization of unstable periodic orbits embedded in the chaotic
attractor. This problem, first considered in [6], amounts to design a
controller such that a given periodic orbit becomes a stable solution
of the controlled system.

When one deals with periodically forced continuous time systems,
the time-delayed autosynchronization (TDAS) control strategy intro-
duced by Pyragas in [7] appears quite appealing. Indeed, for this class
of systems the maintenance of the periodic orbit is easily obtained
by putting in the controller a delay, that makes the control signal
vanishing on that orbit. In order to ensure stability, the controller
gain is determined experimentally. To improve the applicability of
the method, the extended time-delayed autosynchronization (ETDAS)
control strategy has been proposed in [8]. In this case, the controller
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