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Generation of Broad-Band Chaos
Using Blocking Oscillator

Nikolai F. Rulkov and Alexander R. Volkovskii

Abstract—In this paper, we discuss fundamentals for the design
of a source of chaotic signals based on a blocking oscillator circuit.
We study a modification of a well-known circuit of blocking os-
cillator which leads to the onset of chaotic oscillations. The output
signal of such chaotic oscillator is a series of short term pulses char-
acterized by chaotic fluctuations of time intervals between pulses.
Such chaotic pulse signals posses a broad-band continuous power
spectrum and short correlation length. We discuss the results of
theoretical and experimental studies of nonlinear dynamics of the
chaotic blocking oscillator.

Index Terms—Bifurcations, chaos, nonlinear circuits.

I. INTRODUCTION

I NTENSIVE studies of possible applications of chaotic sig-
nals are supported in part by the abilities of simple inex-

pensive electrical circuits to generate complex chaotic signals.
Quite a few simple autonomous nonlinear circuits that posses
chaotic dynamics have been proposed and studied, see for ex-
ample [1]–[6]. Most of these nonlinear circuits produce chaotic
signals in form of quasiharmonic oscillations. Chaos in such cir-
cuits occurs through bifurcations from a regime of harmonic os-
cillation. The shape of the power spectrum of such chaotic sig-
nals depends upon the amplitudes of higher harmonics which
occur due to nonlinear distortions of the original harmonic os-
cillation. Amplitudes of these harmonics change significantly
as the regime of chaotic behavior changes. As the result the
broad-band power spectrum of output chaotic signal in these cir-
cuits is usually hard to shape unless additional filters are used.

A different approach to generation of chaotic signals is based
on utilization of pulse generators which are triggered to pro-
duce short pulses at the chaotic moments of time. In this case
the shape of the pulses is independent of the oscillation regime
of the chaos oscillator that triggers the short pulses. This prop-
erty of chaotic pulse generator enables one to shape the power
spectrum and the autocorrelation function of the chaotic output.
Different designs of the chaotic pulse generators were discussed
recently in [7]–[11]. The studies of these chaotic pulse gen-
erators were motivated by utilization of such circuits in chaos
based communication systems. Examples of such communica-
tion schemes and advantages of using chaotic pulse signals in-
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Fig. 1. Chaotic blocking oscillator circuit.

stead of quasiharmonic chaotic signals are discussed in details
in [10], [12], [13].

The core of the chaotic pulse oscillators is a circuit that gener-
ates time intervals in accordance with the iterations of a chaotic
map. Usually, the chaotic map circuit is implemented with a few
of integrated circuits such as timers or sample and hold circuits.
In this paper, we describe a nonlinear circuits with chaotic be-
havior which is built on one transistor and very suitable for de-
signing the simple chaotic pulse generators.

The circuit that we propose is a modification of wellknown
blocking oscillatorcircuit which is used for generation of short
periodic pulses. The modification includes a capacitoradded
to the collector circuit of blocking generator, see Fig. 1. The
additional capacitor and the inductor of the transformer

form a resonant circuit, which produces damped oscillation of
the current in the transformer exited by the pulses generated in
blocking oscillator. This oscillation modulate the voltage at the
base of the transistor and influence the conditions for generating
the next pulse. We will show how this influence can lead to the
onset of chaotic pulsations.

II. DIFFERENTIAL EQUATIONS FOR THECHAOTIC BLOCKING

OSCILLATOR

The analysis of the nonlinear dynamics of the original
blocking oscillator is a classical problem of the nonlinear
oscillations theory and can be found in the textbooks. To derive
the equations for the chaotic blocking oscillator we will follow
the book [14]. We consider the schematic illustrated in Fig. 1.
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The equations for the voltages across the capacitorsand
can be written in the form

(1)

(2)

where is the current through the base of the transistor and
is the current through the collector. These currents can be

modeled by nonlinear functions of the voltage across the
base-emitter junction of the transistor, and the voltage

between the collector and emitter. We will describe the
characteristics of the transistor by the functions
and .

In practice, to generate rectangular pulses with sharp edges,
it is necessary that transformer has small magnetic leakage flux
and small stray capacitance across the windings. It is natural
to assume as a first approximation that magnetic leakage flux
is zero. With this assumption the magnetic flux through each
turn of any of the winding is determined by the total number of
ampere-turns in all windings and is given by

(3)

where is the current flowing in the winding of the inductor
, is the voltage ratio of the winding with re-

spect to the winding, and are the number of turns in the
windings and , respectively. In (3), we took in to account
that and windings of the transformer are so connected that
partial magnetic fluxes generated in the transformer by the pos-
itive currents and have opposite sign. This is required to
provide positive feedback and achieve self-exiting oscillations
in the circuit. Let us introduce the magnetization current of the
transformer

(4)

Then, the induced electromotive forces (EMFs) in theand
windings of the transformer will be, respectively

(5)

Using (5), the equations for the transformer can be written in
the form

(6)

Substituting (4) we find

(7)

and eliminating the voltage

(8)

we rewrite (6) in the following form:

(9)

where

(10)

Solving (1), (2), and (9) for the time derivatives, we obtain the
equations of the circuit in the form

(11)

(12)

(13)

where

(14)

This system of differential equations represent a complete set of
the state equations for the nonlinear circuit shown in Fig. 1. De-
riving these equations we neglected small stray capacitance of
across the windings of the transformer, small magnetic leakage
flux and nonlinearities in the transformer.

Despite the neglected parasitic parameters the oscillations
produced by this three-dimensional model are very similar to the
behavior of real circuit. To demonstrate that we integrated nu-
merically system (11)–(13). In the simulations we approximated
the nonlinearities of the transistor by the functions

, and

if

if

if

where saturation current 10.0 E-6 A and 25 mV.
Figs. 2 and 3 show typical chaotic waveforms and a projection of
chaotic attractor obtained in numerical simulation of the model.

Although the appearance of chaos in the circuit can be ex-
plained within the continuous time model, it is not the most
suitable model for the detailed analysis of chaotic dynamics of
this circuit. Indeed, the conductance of the base-emitter junction

, which appears in front of the time derivative
in equation (13) experiences sharp changes when the transistor
opens and closes. It results in alternation of “fast” pulsations and
“slow” oscillations. Due to the existence of such fast and slow
motions in the circuit it seems more natural to describe these
motions using separate sets of equations, which provide more
precise description of the dynamical processes at each stage.
One set of the equations describes the dynamics of fast pulsa-
tions when the transistor is closed. The other one describes slow
oscillations when the transistor is open. Using this approach, we
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Fig. 2. Waveforms of chaotic oscillations obtained in numerical simulations of
continuous time model (11)–(13) with the parameter valuesV = 10.3,C =

47 nF,R = 38.2 k
,C = 3.9 nF,R = 800 
,L = 0.5 mH,k = 8, and
h = 200.

Fig. 3. Projection of the chaotic attractor onto the plane(V ; V ) plotted
for the oscillations shown in Fig. 2.

can derive a relatively simple map that provides a clear view on
the origin of the chaos and its bifurcations.

III. 1-D M AP FOR THECHAOTIC DYNAMICS OF THE CIRCUIT

Here, we consider the dynamics of the circuit as two alter-
nating phases of evolution: fast, when transistor is closed, and
slow, when transistor is open. To apply this approach we will
describe the transistor as a switch. For the sake of simplicity
the nonlinearities of the transistor will be modeled using piece-
wise-linear functions in the form

(15)

if
if

(16)

and
if
if

(17)

where is the resistance of the base-emitter junction of the
transistor in a closed state. Below we will show using experi-
mental studies that such simple approximation of the transistor
operation is quite sufficient for description of the circuit dy-
namics in a wide range of the parameters. From the measure-
ments of the inductance of the winding of the transformer

Fig. 4. Differential inductance the coilL as a function of DC current (solid
line) and it’s approximation (dashed line).

we found that nonlinearity of this inductance is significant, see
Fig. 4. We will take this nonlinearity in to account by describing
the permeability of ferromagnetic core in the transformer as a
piecewise-linear function

if

if
(18)

where is the permeability of vacuum and is the critical
number of ampere-turns (3) at which the saturation of perme-
ability becomes significant. With such approximation the induc-
tance of windings and , as well as mutual inductance
of the transformer are the piecewise-linear functions of.

A. Generation of Pulse

We begin the analysis of the circuit starting from the mo-
ment of time when voltage reaches the threshold level
( ) and the transistor closes. Taking into account that
magnetic leakage flux is about zero, and assuming that current

is mostly the one recharging capacitor (in this case the
current through resistor is much less than the current ),
we can write the equations for the currents in the transformer in
the form

(19)

(20)

where is the effective inductance
of the transformer, is the load
impedance of transformer, is differential operator,

, and is magnetization current.
It follows from the condition of continuity of the mag-

netization current that when transistor closes, the mag-
netization current is equal to the value of current
which flew through the winding before the have
reached the threshold. Solving (19) with the initial condition

we find the evolution of magneti-
zation current in the form

(21)
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where . As it follows from (21) the magnetiza-
tion current increases up to the value (we assume that

) where the saturation in the core of transformer
becomes significant. As a result of saturation, the induced EMF
in drops to zero and the transistor opens. Therefore, the dura-
tion of current pulse can be found from (21) using condition

(22)

During pulse generation the capacitoris recharged by current
, and the voltage across becomes equal . To evaluate

this voltage we assume that the parameters of circuit were se-
lected in such a way that and . In this case

, , and

(23)

B. Slow Evolution in the Time Interval Between Pulses

After the formation of pulse the transistor becomes open and
current becomes equal to zero. Now capacitoris “slowly”
charged with the current through resistor. Therefore, after
the pulse generation, the slow evolution of voltage can be
written in the form

(24)

While the capacitor charges, the current in resonant circuit
can oscillate. The damping oscillations in this resonant circuit
have the form

(25)

where . These oscillations in-
duce EMF in the winding, which equals to

During the slow evolution of blocking oscillator, the voltage
across base-emitter junction increases
till it reaches the threshold value [ , see (16), (17)]
where the transistor opens and begins the generation of the next
pulse. Therefore, the time intervalbetween two consecutive
pulses generated in the oscillator can be found as a root of the
following equation

(26)

Fig. 5. Functions of the model mapI(t) and I (T ) plotted for the
parameter values� = 6.00, � = 0.22, � = 0.1, and� = 63.0. The
trajectory of the map is shown by dotted line.

C. Model Map

The first root of (26) defines the time interval between
the th and the th pulses as an implicit function of current

, which was flowing in the resonant circuit
right before the beginning of generation of theth pulse. On the
other hand, (25) enable us to find the value of the currentas
a function of the time interval between the th and the

th pulses. Therefore, using (25) and the first root of (26), one
can find a mapping for the dynamics of the time intervalsin
the following form

(27)

(28)

Resolving (26) with respect to current and
taking into account (25) we will find the model map of the
blocking oscillator as follows:

(29)

(30)

where , . We also introduced new param-
eters

Fig. 5 presents a typical shape of functions (29), (30) and a
chaotic trajectory of the map. The time interval as a func-
tion of previous value of current is found using (29). Note
that the function given by (29) is not monoto-
nous. As a result, (27) may have several roots . Since the
time interval is a time which voltage needs to reach
the threshold , only the first root of (27) has a physical
meaning. This is the reason why function plotted in
Fig. 5 is discontinuous.
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Fig. 6. Bifurcation diagram of the model map evaluated for the parameter
valuesa = 0:6 andb = 0:22.

D. Bifurcations and Chaos in the Model Map

The simplicity of model maps (29), (30) enables one to per-
form a detailed analysis of bifurcation and specify the main bi-
furcation scenarios of the transition to chaotic behavior. The bi-
furcation diagram shown in Fig. 6 presents bifurcation curves in
the parameter plane which specify the parameter re-
gions with chaotic behavior. Note that fixed points of the map,
which are located at the intersections if the nonlinear functions

and correspond to the of periodic pulsa-
tions of blocking oscillator.

Curve corresponds to the bifurcation where the multiplier
of the fixed point crosses the value minus one. Depending on the
parameter this bifurcation can be supercritical or subcritical.
In the first case, this bifurcation leads to the appearance of limit
cycle with the period . In the second case it leads to the onset
of chaotic oscillations. In Fig. 6 the regions corresponding to
chaotic oscillations are filled with gray.

Curves marked with indexes and in Fig. 6 correspond
to the parameters values where the fixed point disappear as the
result of the bifurcation on border of the intervals where function

has physical meaning. Since fixed points of the
model map (29), (30) located at the intersection of functions

and (28) they disappear when the intersection
moves out of the interval thought the ether left border (shown by
dotted curves ) or the right border (shown by dotted curves

), there index stands for the interval counter.
It follows from the bifurcation diagram that when the dissi-

pation in resonant circuit characterized by parameter
is small enough the model map demonstrate chaotic regime in a
broad range of parameter.

IV. EXPERIMENT

The chaotic dynamics of the modified blocking oscillator was
also studied in the experiment. For the experiment we built the
circuit which diagram is shown in Fig. 1, where we added an

Fig. 7. Waveforms of chaotic oscillations measured in the experiment this the
circuit. Parameters of the circuit areV = 6.0 V,C = 47 nF,R = 45.8 k
,
C = 3.9 nF,R = 800
, L = 0:5 mH, andL = 5.0 mH.

Fig. 8. Projection of the chaotic attractor onto the plane(V ; V ) plotted
using the waveforms shown in Fig. 7.

output transformer to generate output chaotic pulses. The first
winding of this transformer was driven by collector current of
the transistor. As one can see from the diagram the collector
current is zero all the time except for short intervals of time when
the transistor is closed. The second winding of the output
transformer was loaded to a 100resistor. Waveforms of the
output pulses were measured at the resistor.

A. Chaos in the Circuit

The experiments show that the circuits can generate a large
variety of chaotic regimes, which characterized by different
numbers of the dumped oscillations in the resonant circuit
between the consecutive pulse. Many of these chaotic regimes
are well described by our continuous time model (11)–(13)
and the model map. To demonstrate the similarity between the
dynamics the continuous time model and the real circuit we
tuned the circuit to the regime similar to the one obtained in the
numerical simulations that is shown in Fig. 2. Fig. 7 presents
chaotic waveform of the voltages measured in the experiment.
Comparing these figures and the shapes of chaotic attractors
presented in Figs. 3 and 8 one can see the similarity of the
chaotic processes in the model and in the circuit.

Fig. 9 shows the parameters region (gray) that corresponds to
the regime of chaotic pulsations of the circuit. Comparing fig-
ures Figs. 9 and 6, one can see that the locations of the bifurca-
tion curves and the structure of the region of chaotic behavior
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Fig. 9. Region of chaotic regimes on the plain of parameters(R ; R ) and
some bifurcation curves measured in the experiment with chaotic blocking
oscillator. Parameters of the circuit areV = 6.0 V,C = 47 nF,C = 3.9
nF,L = 0.5 mH, andL = 5.0 mH.

Fig. 10. The of the output chaotic pulse signalV measured at the output
transformer loaded with 100
 resistor.

measured in the circuit have some similarity with the bifurca-
tion diagram obtained for the model map. The presented exper-
imental diagram does not show detailed structure of bifurcations
which are very dense in the vicinity of the region with chaotic
dynamics. In the experiment, we also could not follow the bifur-
cations of stable limit cycles of long period. They can disappear
due to the small noise and the specific features of the circuit. In-
deed the influence of this noise becomes essential when voltage

gets close to the threshold value.
Despite the difference in the details of the numerical and ex-

perimental bifurcation diagrams, the region of the chaotic be-
havior in both cases has similar structure in the shape of se-
quences of tongues. In both cases, chaos is observed when the
parameter of the dissipation in the circuit becomes suffi-
ciently low. Therefore, we can conclude that simple one-dimen-
sional map (29), (30) correctly describes main processes in the
circuit, and can be used to explain the origin of chaotic behavior
of the blocking oscillator.

B. Generation of Chaotic Pulse Signals

Operating in the regime of chaotic oscillations the transistor
closes for the short time intervals, which results in the gen-

eration of short pulses of current through the collector. The rest
of the time, the transistor is open and the collector current is
zero. Using the output transformer we transform these pulses of
the collector current into the output voltage signal in the resis-
tive load. Fig. 10 shows a waveform of the output chaotic pulse
signal measured from the circuit operating in the regime of os-
cillations presented in Figs. 7 and 8.

The important feature of the chaotic blocking oscillator is
that such circuit provides simple means for generation of a very
broad-band chaotic signal. The spectrum of the output signal

Fig. 11. The spectrum (a) and autocorrelation function (b) of the output chaotic
pulse signal shown in Fig. 10.

and its autocorrelation function is shown in Fig. 11. The width
of the main peak in the autocorrelation function equals to the
double width of the generated pulses. The maximal amplitude
of the other peaks in the function depends on the complexity of
chaotic regime of oscillations and on-factor of the resonant
circuit .

V. CONCLUSIONS

We have studied the nonlinear dynamics of blocking oscil-
lator with additional capacitor in the collector circuit and have
shown the dynamical origin for the appearance chaotic pulsa-
tions in the oscillator. The additional capacitorand the induc-
tance of the transformer form a resonant circuit that leads to
appearance of dumped oscillations in the collector circuit while
the transistor is open. Using continuous time model and simpli-
fied one-dimensional (1-D) map model we have shown that such
oscillator can start to behave chaotically if the next pulse of the
blocking oscillator fires before the oscillations in the resonant
circuit are over.

Concluding this paper, we would like to note that the consid-
ered modification of classical blocking oscillator circuit is not
the only one that leads to the onset of chaotic behavior of the os-
cillator. For example, chaos in the classical blocking oscillator
circuit may be achieved by connecting an additional capacitor
between and the collector of transistor.
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