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The studies of the phenomenon of chaos synchronization are usually based upon the analysis
of the existence of transversely stable invariant manifold that contains an invariant set of tra-
jectories corresponding to synchronous motions. In this paper we develop a new approach that
relies on the notions of topological synchronization and the dimension for Poincaré recurrences.
We show that the dimension of Poincaré recurrences may serve as an indicator for the onset
of synchronized chaotic oscillations. This indicator is capable of detecting the regimes of chaos
synchronization characterized by the frequency ratio p : q.

1. Introduction

It is well-known that coupling between the dissipa-
tive dynamical systems with chaotic behavior can
result in the onset of synchronized chaotic oscilla-
tions (see e.g. [Pecora & Carroll, 1998] and refer-
ences therein). In other words, a system

ẋ = f(x) + cF (x, y, c) ,

ẏ = g(y) + cG(x, y, c) ,
(1)

where x ∈ <m, y ∈ <n, and c is the cou-
pling parameter, can behave in such a way that
the x-component and y-component of solution
[x(t, x0, y0), y(t, x0, y0)] manifest some type of
synchrony for t ≥ t0 � 1, independent of initial
conditions (x0, y0) in a large region of <n+m.

The most simple type of synchronous chaotic
behavior is the regime of identical synchronization.
In this regime the solutions of the coupled oscilla-
tors (1) satisfy the following property

lim
t→∞
|x(t, x0, y0)− y(t, x0, y0)| = 0 . (2)

Of course, in order to achieve this type of behavior
in the case m = n, the right-hand side of the system
(1) should satisfy the identity

f(x) + cF (x, x, c) = g(x) + cG(x, x, c) . (3)

For example, it is so if f(x) ≡ g(x) and F (x, x, c) =
G(x, x, c) ≡ 0. It is easy to see, that when the iden-
tity (3) holds the system (1) has a manifold x = y,
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known as the synchronization manifold. When all
invariant trajectories (associated with chaotic be-
havior) in this manifold are stable in the directions
transversal to the manifold, the oscillators generate
identical synchronous chaotic oscillations.

However, if coupled subsystems in (1) are non-
identical, then we cannot expect the validity of (2)
and the notion of synchronization has to be treated
differently. Different notions of chaos synchroniza-
tion such as identical synchronization [Fujisaka &
Yamada, 1983; Pecora & Carroll, 1990; Wu & Chua,
1994], stochastic synchronization [Afraimovich
et al., 1986], generalized synchronization [Rulkov
et al., 1996; Kocarev & Parlitz, 1996], asymptotic
synchronization [Hale, 1997], phase synchronization
[Pikovsky, 1997], and others were introduced to
point out significant features of the synchroniza-
tion phenomena. The present work is of the same
spirit. Here, we explore temporal characteristics of
the synchronous chaotic trajectories and give a def-
inition of synchronization based on the notion of
Poincaré recurrences [Afraimovich, 1999].

Start with periodic oscillations. Assume that
the system ẋ = f(x) has a linearly stable limit cy-
cle say L1, with period τ1 and the system ẏ = g(y)
has linearly stable limit cycles L2 with period τ2,
then the system (1) for c = 0 has the attract-
ing torus T0 = L1 × L2. If the rotation number
ρ0 = τ1/τ2 is rational, then T0 consists of periodic
orbits of the system (1) for c = 0, if ρ0 is irrational
then every orbit on T0 is dense (on it). For c 6= 0
and small enough, there still exists an invariant at-
tracting torus Tc in a neighborhood of T0 [Fenichel,
1971]. Generally, for an open region in the param-
eter space, the system (1) has stable limit cycles.
The synchronization regime corresponds to the ex-
istence of the stable limit cycle, say Lc, on the torus
Tc. The Poincaré rotation number for these val-
ues of parameters is rational, say m0/n0 ∈ Q and
it means that the closed curve Lc makes m0 rota-
tions along the generator L1 of the torus T0 and
n0 rotations along another one. In terms of indi-
vidual subsystems, we can describe the regime as
follows. The orbit Lc corresponds to the solution
x = xc(t), y = yc(t) of the system (1) where xc, yc
are τc-periodic vector functions. One can introduce
“polar coordinates” (ai, θi) in a neighborhood of
Li, i = 1, 2, such that θi is an angular coordinate
along Li and a1(a2) is an “amplitude” coordinate
on a transversal to L1 in <m (L2 in <n). Then
(for small values of c) the solution (xc(t), yc(t))
can be expressed as the new coordinates in the

form

a1 = a1(t), θ1 = ω1t+ α1(t) mod τc ,

a2 = a2(t), θ2 = ω2t+ α2(t) mod τc ,

where a1, a2, α1, α2 are τc-periodic functions and
ω1/ω2 = n0/m0. Stability of the limit cycle Lc en-
sures the regime of oscillations with the frequency
relation ω1m0 = ω2n0 for some domain in the pa-
rameters space. This domain is called synchroniza-
tion zone.

For the sake of simplicity assume that m0 = 1.
If we may introduce (a, θ)-coordinates in such a way
that a1, a2 are constants, α1 ≡ 0, α2 ≡ 0, then at
the moment t = tx = τc/ω1 we have θ1(tx) = θ1(0)
mod τc and xc(tx) = xc(0). However only at the
moment t = ty = τc/ω2 = n0tx, the second coordi-
nate yc(ty) = yc(0). In other words, the “period”
tx of oscillations in the x-subspace can be different
from the period of those in the y-subspace, and this
difference can be written as

tx
ty

=
1

n0
.

The same is true if m0 6= 1 and then

tx
ty

=
m0

n0
. (4)

Assume now that for some parameter values, the
system (1) has an attractor Ac containing infinitely
many orbits, such that for (x0, y0) ∈ Ac the pro-
jections x(t, x0, y0) and y(t, x0, y0) of the solution
(x, y)(t, x0, y0) onto the x-subspace and y-subspace
behave similarly. In order to define rigorously this
similarity, we have to be sure that if (x0, y0) be-
longs to a periodic orbit. In this case something
like the equality (4) holds and the number m0/n0

is independent of the choice of the periodic orbit in
the attractor. Furthermore, if (x0, y0) belongs to
an aperiodic orbit we should define some quantities
which are similar to the periods of periodic orbits,
and we again need to have something like the equal-
ity (4) for these quantities. We use Poincaré re-
currences in the capacity of desired quantities, and
we use Carathéodory–Pesin [Pesin, 1997] approach
to compare the Poincaré recurrences for different
subsystems.

2. Poincaré Recurrences

Orbits in Hamiltonian systems and limiting or-
bits in dissipative systems possess the property
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of a repetition of their behavior in time. This
repetition can be expressed in terms of Poincaré
recurrences.

Consider a dynamical system with continuous
time f t : M → M , where t ∈ R+ and M is the
phase space of the system which is assumed to be a
complete metric space. Given an open set U ⊂ M
and a point z ∈ U , let us denote by t1(z, U) the
following number: if f tz ∈ U for any t ∈ <+

then t1(z, U) = ∞; if there is t0 ∈ <+ such that
f t0z /∈ U , then

t1(z, U) = inf{t0|f t0z /∈ U} .

The set U is open. Therefore if there is t̄ > t1(z, U)
such that f t̄z ∈ U , then there exists a maximal
interval (α, β) 3 t̄ such that f tz ∈ U for any
t ∈ (α, β). Set

t(z, U) = 0, if t1(z, U) =∞ ;

t(z, U) = inf
α+ β

2
, if t1(z, U) <∞ ,

where infimum is taken over all maximal intervals
(α, β) such that α ≥ t1(z, U) and f tz ∈ U if
t ∈ (α, β). In particular, f t(z, U)z ∈ U . (Of course,
t(z, U) may be equal to ∞.)

In other words, if the orbit going through a
point z comes back to the set U , then this orbit
spends an interval of time (α, β) in U before leaving
the set again. We might choose any value of time
inside (α, β) in the capacity of the Poincaré recur-
rence for the point z. It seems natural to specify
the mean value (α+ β)/2 for that. Furthermore,
the number of intervals with different α, β, corre-
sponding to return times can be very large (even
infinite). We choose the interval corresponding to
the first return times.

Definition 2.1. The number t(z, U) is said to be
the Poincaré recurrence for the set U specified by
the point z. The number

τ(U) = inf
z∈U

t(z, U)

is called the Poincaré recurrence for the set U .

These definitions are related to the repetition
of the motion along orbits of dynamical systems.
However, we are going to deal with the properties
of the repetition along x (or the y)-component of
the solution of a system of (1) type. We have to

extend the definition of Poincaré recurrences to the
case of coupled subsystems.

But before doing this we consider the following
example of a periodically perturbed oscillator:

z̈ + kż + φ(z) = a sin θ, θ̇ = 1 , (5)

where the nonlinearity φ(z) is of the Duffing-type.
It is well-known (see e.g. [Guckenheimer & Holmes,
1983]) that for same values of parameters the sys-
tem (5) undergoes the period-doubling bifurcation,
and has a stable 4π-periodic limit cycle, say L. For
the system (5), the phase space is the direct prod-
uct X × Y , where X = {(z, ż)} ⊂ <2, Y = {θ,
mod 2π} = S1. Let {z = z0(t), ż = ż0(t)} ⊂
X, {θ = t, mod 2π} ⊂ S1 be a solution corre-
sponding to L. It is simple to understand that the
curve z = z0(t), ż = ż0(t), t ∈ [0, 4π], which is
the projection of L onto X, might possess points of
the self-intersection. At each of these points, say
(z∗, ż∗) we have z∗ = z0(t1) = z0(t2), ż∗ = ż0(t1) =
ż0(t2), t1 6= t2, t1, 2 ∈ (0, 4π). If L is close to the
limit cycle at the bifurcation moment, then such
points have to exist for simple geometrical reasons.
Evidently, if U1 is a small neighborhood of (z∗, ż∗),
then the first return time to U1, along the curve
z = z(t), ż = ż(t) is much smaller than the first re-
turn time along this curve to a small neighborhood
U2 of a point p, U2 63 (z∗, ż∗).

The example shows that not all points on the
projections of the attractor onto individual sub-
spaces are responsible for the “right” Poincaré
recurrences — bad points could exist, and we
should take them into account, in order to give a
good definition of Poincaré recurrences of individual
subsystems.

Let X, Y be complete metric spaces (see for
example system (1) where X = <m, Y = <n) and
f t : X × Y → X × Y be a dynamical system with
t ∈ <+. (For the system (1) the evolution oper-
ator f t is determined by solutions (x, y)(t, x0, y0)
going through initial points (x0, y0).) Let A be a
subset of the phase X × Y (say an attractor) and
A1 = π1A ⊂ X, A2 = π2A ⊂ Y be its images
under natural projections to X and Y correspond-
ingly (i.e. π1(x, y) = x, π2(x, y) = y for any point
(x, y) ∈ X × Y ).

We denote by

x(t, x0, y0) = π1f
t(x0, y0) ,

y(t, x0, y0) = π2f
t(x0, y0) ,

(6)

the x and y-coordinates of the orbit going through
the initial point (x0, y0). Let Ui be an open set
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in Ai, i = 1, 2, and x0 ∈ A1, y0 ∈ A2. Denote
by Yx0 the set of all values of y ∈ Y such that
(x0, y) ∈ A, i.e. Yx0 = π2(π−1

1 (x0) ∩ A), the set
of y-coordinates of all π1-preimages of point x0 be-
longing to A1. Similarly, let Xy0 = π1(π−1

2 (y0)∩A),
the set of all values of x ∈ X such that (x, y0) ∈ A.
Assume that x0 ∈ U1(y0 ∈ U2). Introduce a number
t1(x0, U1)(t2(y0, U2)) as follows:

(i) If x(t, x0, y0) ∈ U1 for any y ∈ Yx0 and any
value of t ≥ 0 then t1(x0, U1) := ∞. (Simi-
larly, if y(t, x, y0) ∈ U2 for any x ∈ Xy0 and
any value of t ≥ 0 then t2(y0, U2) :=∞.)

(ii) If there exist y ∈ Yx0 and t0 = t0(y) such that
x(t0, x0, y) 6∈ U1, then

t1(x0, U1) := inf
y∈Yx0

inf{t0|x(t0, x0, y) 6∈ U1} .

(Similarly, if there exist x ∈ Xy0 and t0 = t0(x)
such that y(t0, x, y0) 6∈ U2, then

t2(y0, U2) := inf
x∈Xy0

inf{t0|y(t0, x, y0) 6∈ U2}.)

Roughly speaking, t1, 2 are exit times from U1, 2.
Since the set U1(U2) is open, if there exists t̄ >
t1(x0, U1)(t̄ > t2(y0, U2)) such that x(t̄, x0, y) ∈ U1

for some y ∈ Yx0(y(t̄, x, y0) ∈ U2 for some x ∈ Xy0),
then there is a maximal interval (α, β) 3 t̄ such that
x(t, x0, y) ∈ U1 for any t ∈ (α, β) (y(t, x, y0) ∈ U2

for any t ∈ (α, β)). Set

t(x0, U1) := 0, if t1(x0, U1) =∞ ,

t(x0, U1) := inf
y∈Yx0

inf
α+ β

2
, if t1(x0, U1) <∞ ,

where the second infimum is taken over all maxi-
mal interval (α, β) such that α ≥ t1(x0, U1) and
x(t, x0, y) ∈ U1, if t ∈ (α, β), y ∈ Yx0. In par-
ticular, x(t(x0, U1), y) ∈ U1 for some y ∈ Yx0, if
t(x0, U1) 6=∞. Similarly, introduce

t(y0, U2) := 0, if t2(y0, U2) =∞

t(y0, U2) := inf
x∈Xy0

inf
α+ β

2
, if t2(y0, U2) <∞ ,

where the second infimum is taken over all maxi-
mal interval (α, β) such that α ≥ t2(y0, U2) and
y(t, x, y0) ∈ U2 if t ∈ (α, β) for some x ∈ Xy0 .

Definition 2.2. [Afraimovich, 1999]

(i) The number t(x0, U1) is said to be the x-
Poincaré recurrence for the set U1 specified by

the point x0. The number

τx(U1) := inf
x0∈U1

t(x0, U1) (7)

is said to be the x-Poincaré recurrence for the
set U1.

(ii) The number t(y0, U2) is said to be the y-
Poincaré recurrence for the set U2 specified by
the point y0 ∈ U2. The number

τy(U2) := inf
y0∈U2

t(y0, U2) (8)

is said to be the y-Poincaré recurrence for the
set U2.

In Definitions 2.1 and 2.2, we take the infimum
not only over all points in the open set but also
over all possible “branches” going through the point
in it. Roughly speaking, if x(T1, x0, y1) ∈ U1 and
x(T2, x0, y2) ∈ U1 and T1 < T2, then we prefer T1

as the Poincaré recurrence.
Thus, we defined quantities, which are similar,

in some sense, to periods of periodic orbits and now
we may try to define what “synchronization” means
in this framework.

Definitions 2.1 and 2.2 look too cumbersome,
however, they are constructive; as we see below
we may calculate Poincaré recurrence in specific
situations.

3. Topological Synchronization

Now we are ready to give a definition for some kind
of synchronization which is (more or less) natural
to call “topological synchronization”. This syn-
chronization has to occur for a large set of initial
conditions, belonging to the basin of an attrac-
tor. We may use any notion of the attractor that
we wish. Just for the sake of definiteness choose
the following one. A compact set A in the phase
space M of a dynamical system f t : M → M is
called an attractor if there exists an open set U
such that f tŪ ⊂ U, t > 0, i.e. U is an absorb-
ing region, and A =

⋂
t>0 f

tU (see e.g. [Katok &
Hasselblatt, 1995; Guckenheimer & Holmes, 1983;
Arnold et al., 1994]). Let us also note that a point
z ∈ M is nonwandering if τ(U) < ∞ for any open
set U 3 z [Katok & Hasselblatt, 1995]. We give a
definition now, and discuss below each point.

Definition 3.1. A dynamical system f t : X×Y →
X × Y is said to be (m0/n0)-topologically synchro-
nized if:
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(i) It has an attractor A such that nonwandering
orbits are dense in A.

(ii) There is a number N ∈ Z+ such that for any
point x0 ∈ π1(A), the set Yx0 contains at most
N points, and for any point y0 ∈ π2(A) the set
Xy0 contains at most N points.

(iii) There is a subset of “bad points” B ⊂ A (B
might be empty) such that if A1 = π1(A), A2 =
π2(A), B1 = π1(B), B2 = π2(B), then

dimB(Bi) < dimH(Ai), i = 1, 2 , (9)

where dimB(dimH) is the upper box (Haus-
dorff) dimension [Pesin, 1997].

(iv) For any point (x0, y0) ∈ A\B, there are num-
bers ε0, a1 ≥ a2 ≥ 1, such that: for any open
set U1 ⊂ X, U1 3 x0, diamU1 ≤ ε ≤ ε0,
there is an open set U2 ⊂ Y , diamU2 ≤
a1(diamU1), U2 3 y0, and for any open set
Ũ2 ⊂ Y, Ũ2 3 y0, diam Ũ2 ≤ ε ≤ ε0, there is an
open set Ũ1, diam Ũ1 ≤ a2(diam Ũ2), Ũ1 3 x0,
such that

τy(U2) =
m0

n0
τx(U1) + β2 , (10)

τx(Ũ1) =
n0

m0
τy(Ũ2) + β1 , (11)

where m0, n0 ∈ Z+, and β1 = β1(Ũ1, Ũ2), β2 =
β2(U1, U2) are bounded as ε→ 0.

(v) If δ(B) is an open δ-neighborhood of the set
B, where δ is small enough, then the constants
ε0, a1, a2 can be chosen to be the same for any
point (x0, y0) ∈ A\δ(B). They depend only
on δ. Furthermore, the functions β1, 2 can be
estimated from above by a constant β̄ > 0 de-
pending only on δ and ε: |β1, 2| ≤ β̄.

(vi) If A1δ = π1(A\δ(B)), A2δ = π2(A\δ(B)) are
subsets in A1 and A2 respectively which do
not contain the sets B1 and B2 of bad points
together with some neighborhoods, then for
any cover G1 = {U1i} of the set A1δ by open
sets U1i with diamU1i ≤ ε, where i ∈ I, the
finite or countable set of indices, there exists a
cover G2 = {U2j} of the set A2δ by open sets
of diamU2j ≤ a2ε, where j ∈ J , the finite or
countable collection of indices, such that there
is a map ξ : J → I, i = ξ(j), this map is onto,
and

diamU2j ≤ a2diamU1ξ(j) (12)

for any j ∈ J . Moreover the number of preim-
ages ξ−1(i) is finite and bounded from above

by a constant S which is independent of the
particular choice of the cover G1 and of ε and
depends only on δ : S = S(δ). Furthermore,
for any fixed i ∈ I and any j ∈ J such that
ξ(j) = i, the condition (11) is satisfied, i.e.

τy(U2j) =
m0

n0
τx(U1i) + β2 , (13)

where |β2| ≤ β̄ < ∞, and the constant β̄ de-
pends only on δ.

Similarly, for any cover G2 = {Ũ2i} of the
set A2δ by open set Ũ2i with diam Ũ2i ≤ ε,
where {i} = I is a finite or countable collec-
tion of indices, there exists a cover Ũ1j with

diam Ũ1j ≤ a1ε, where {j} = J is a finite or
countable collection of indices, such that there
is a map η : J → I, i = η(j), which is onto,
and

diamU1j ≤ a1diamU2η(j) (14)

for any j ∈ J . The number of preimages η−1(i)
is bounded from above by a constant S depend-
ing only on δ, and for any fixed i ∈ I and j ∈ J ,
such that η(j) = i, we have

τx(Ũ1j) =
n0

m0
τy(Ũ2η(j)) + β1 , (15)

where |β1| ≤ β̄, and β̄ is a constant depending
only on δ.

Remark 3.1

(a) The condition (i) shows that Poincaré recur-
rences are finite for any open set, and, moreover,
one should observe synchronization for t� 1 for
an open set of initial conditions.

(b) The condition (ii) claims that the projections
π1 and π2 are finite-to-one maps. It is a natural
assumption which is known to be satisfied, for
example, if f t|A is a minimal flow and coupling
is unidirectional [Bronshteyn, 1997].

(c) The inequalities (9) mean that the “bad” points
occupy a small part of the attractor.

(d) The condition (ii) implies also that if A1 and A2

contain infinitely many points then uncoupled
subsystems cannot be treated as synchronized
ones. Indeed, for any point x0 ∈ A1 there are in-
finitely many (not at most N) points {y0} = A2

such that a solution through any of the points
(x0, y0) belong to an attractor.
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(e) The assumption (v) implies that if the set
A\δ(B) contains periodic orbits of arbitrary
large periods, then for infinitely many of them
a relationship, similar to (4) holds. Indeed,
let L ⊂ A\δ(B) be a T -periodic orbit: x =
x(t, x0, y0), y = y(t, x0, y0), where x is a T1-
periodic function, y is a T2-periodic function
and at least one of the numbers T1, T2 equals
T . Assume, for the sake of definiteness that
T1 = T . Then for an open ε-neighborhood U1

of the point x0 ∈ X we have

τx(U1) = T1 + αx(ε) , (16)

where αx(ε)→ 0 as ε→ 0. For the correspond-
ing neighborhood U2 of the point y0 in Y with
diamU2 ≤ a1ε we have

τy(U2) = T2 + αy(ε) , (17)

where αy(ε) → 0 as ε → 0. The relationship
(11) can be rewritten as

T2 + αy(ε) =
m0

n0
T +

m0

n0
αx(ε) + β2 ,

i.e.
T2

T
=
m0

n0
+ β(ε) +

β2

T
,

where β(ε)→ 0 as ε→ 0 and |β2| ≤ β̄. Thus,∣∣∣∣T2

T
− m0

n0

∣∣∣∣ ≤ β̄

T
.

Hence, if T � 1, then the ratio of periods in the
x and y-subspaces is arbitrary close to m0/n0.
We believe that generally it is m0/n0 exactly,
but this conjecture has to be verified, of course.

(f) It is not difficult to find a cover of the set A2δ ,
satisfying (12) if we know the cover of the set
A1δ . For example, if points on A satisfy the
equality F (x, y) = 0, F is a smooth vector func-
tion, and if the rank of the matrix ∂F/∂y is
maximal and the rank of the matrix ∂F/∂x is
maximal at points belonging to A\δ(B), where
B is the set of “critical points”, then we have lo-
cal diffeomorphism from a neighborhood of any
point x0 ∈ A1δ to a neighborhood of a point
y0 ∈ A2δ if (x0, y0) ∈ A\δ(B). Therefore, as-
sumptions (12) and (14) are automatically sat-
isfied. However, assumptions (13) and (15) are
satisfied only in the synchronized regimes. In
order to recognize such regimes we need to use
some characteristics of fractal dimension type.

4. Dimension and Capacities
for Poincaré Recurrences

In this section we give a definition of “fractal” di-
mension for Poincaré recurrences [Afraimovich &
Zaslavsky, 1995; Afraimovich, 1997; Afraimovich
& Zaslavsky, 1998]. Consider a dynamical system
(f t, M). For any open set U , we introduce the
Poincaré recurrence τ(U). Consider a cover G of
a set A ⊂M by open sets Ui with diamUi ≤ ε and
introduce the sum

M(α, q, ε, G) =
∑
i

exp(−qτ(Ui))(diamUi)
α .

(18)
Consider its infimum

M(α, q, ε) = inf
G
M(α, q, ε, G) ,

where the infimum is taken over all finite or count-
able covers G with diamUi ≤ ε, Ui ∈ G. The quan-
tity M(α, q, ε) is a monotone function with respect
to ε, therefore, there exists a limit

m(α, q) = lim
ε→0

M(α, q, ε) .

It was shown in [Pesin, 1997] that there is a critical
value αc = αc(q) ∈ [−∞, ∞] for any q ≥ 0 such
that

m(α, q) = 0, if α > αc, αc 6= +∞ ,

m(α, q) =∞, if α < αc, αc 6= −∞ ,

Definition 4.1. [Afraimovich & Zaslavsky, 1998;
Afraimovich, 1999]

(i) The function αc(q) is said to be the spectrum
of dimensions for Poincaré recurrences.

(ii) Assume that there is a number q0 ≥ 0 such
that q0 = sup{q : αc(q) > 0}; roughly speaking
αc(q0) = 0. Then q0 =: dimP A is called the
dimension for Poincaré recurrences.

It was shown in [Afraimovich & Zaslavsky,
1998; Afraimovich, 1999] that in some systems with
chaotic behavior, αc(q) 6= ±∞ and the solution of
the equation αc(q) = 0 exists.

Let us discuss the definition. Assume for the
sake of simplicity that m(αc(q), q) is a finite num-
ber. Then the partition function (18) behaves as
follows

M(αc(q), ε, G)

=
∑
i

exp(−qτ(Ui))(diamUi)
αc(q) ∼ 1 ,
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i.e.

1

N

∑
i

exp(−qτ(Ui))(diamUi)
αc(q) ∼ 1

N
, (19)

where N is the number of elements in the cover G.
But we know that if ε is small enough then 1/N
behaves like εb, where b is the box dimension of the
set A (provided that it exists and is equal to the
Hausdorff dimension [Pesin, 1997]).

Therefore, we may rewrite the asymptotic
equality (19) as follows

〈exp(−qτ(Ui))(diamUi)
αc(q)〉 ∼ εb ,

where the brackets 〈 〉 denote the mean value. For
q = q0 we have

〈exp(−q0τ(Ui))〉 ∼ εb (20)

and (20) can be treated as the definition of the di-
mension q0 for Poincaré recurrences.

If (20) is satisfied, we may expect that the aver-
age value 〈τ(Ui)〉 for Poincaré recurrences satisfies
the following asymptotic equality

〈τ(Ui)〉 ∼
−b
q0

ln ε ,

where diamUi ≤ ε and ε � 1. Our numerical sim-
ulations (see below) confirm this conjecture.

Remark 4.1. The authors of [Penne et al., 1997]
used slightly different approach to define q0. They
proved that q0 is topological invariant and studied
some of its properties.

Now we may define the dimension for the x-
and y-Poincaré recurrences. For that, we consider
partition functions

Mx(α, q, ε) = inf
G1

∑
i

exp(−qτx(U1i))(diamU1i)
α ,

(21)

My(α, q, ε) = inf
G2

∑
i

exp(−qτy(U2i))(diamU2i)
α ,

(22)

where in each sum the infimum is taken over all
covers G1 (correspondingly G2) of the set A1 (cor-
respondingly A2) by open sets with diameters ≤ ε.

Definition 4.2

(i) The critical values α
(x)
c (q) in (21) and α

(y)
c (q)

in (22) are said to be spectra of dimensions

for the x-Poincaré recurrences and, correspond-
ingly, for the y-Poincaré recurrences.

(ii) If α
(x)
c (q

(x)
0 ) = 0 (α

(y)
c (q

(y)
0 ) = 0), then the num-

ber q
(x)
0 := dimP (A1)(q

(y)
0 := dimP (A2)) is said

to be the dimension for the x-Poincaré recur-
rences (for the y-Poincaré recurrences).

We notice first that under assumptions of the
Definition 3.1 the “individual attractors” A1 and
A2 have the same Hausdorff dimensions.

Theorem 4.1. [Afraimovich, 1999 ] Assume that a
dynamical system f t : X × Y → X × Y is topologi-
cally synchronized (with respect to an attractor A).
Then

dimH(A1) = dimH(A2) .

(dimH means the Hausdorff dimension).
Let us explain the main step of the proof. Let

α1δ = dimH A1δ, α2δ = dimH A2δ, where Aiδ =
πi(A\δ(B)), i = 1, 2 .

Given α > α2δ , K > 0, consider a finite cover
{Ũ2i}, the set A2δ by open sets with diam Ũ2i ≤ ε ≤
ε0, such that ∑

i

(diam Ũ2i)
α ≤ K , (23)

such a cover exists, by the definition of the Haus-
dorff dimension. Consider the corresponding cover
G1 = {Ũ1j} of the set A1δ , diam Ũ1j ≤ a1ε, which
exists thanks to assumption (vi) in Definition 3.1.
Thanks to (14), we have

∑
j

(diam Ũ1j)
α =

∑
i

∑
j, η(j)=i

(diam Ũ1j)
α

≤
∑
i

∑
j, η(j)=i

aα1 (diamU2η(j))
α

≤
∑
i

aα1S(δ)(diamU2i)
α .

The last inequality follows from assumption (vi) in
Definition 3.1. Hence due to (23),

∑
j

(diam Ũ1j)
α ≤ aα1S(δ)K .

Since K is an arbitrary number, this relation
means that α > dimH(A1δ) too, and therefore
α2δ ≥ α1δ. Similarly, we may start with a cover
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{U1j} of the set A1δ and obtain the opposite in-
equality α1δ ≥ α2δ . Thus, α1δ = α2δ . The re-
mainder of the proof can be found in [Afraimovich,
1999].

Thus, the theorem tells us that projections
of the attractor on the individual subspaces have
the same Hausdorff dimensions at least. Now
we consider dimensions for the x- and y-Poincaré
recurrences.

Theorem 4.2. [Afraimovich, 1999 ] If a dynamical
system f t : X×Y → X×Y is (m0/n0)-topologically
synchronized, then

dimP (A2\B2) =
m0

n0
dimP (A1\B1) , (24)

where dimP is the dimension for Poincaré recur-
rences.

Let us show the main step of the proof. Con-
sider again the sets A1δ and A2δ of “good points”

in A1 and A2 correspondingly. Let α
(x)
c (q, A1δ)

(α
(y)
c (q, A2δ)) be the spectrum of dimensions for

the x-Poincaré recurrences (for the y-Poincaré re-

currences). Assume that α > α
(y)
c (q, A2δ). Then

by definition of α
(y)
c (q, A2δ), there is a cover G2 =

{Ũ2i}, diam Ũ2i ≤ ε, such that∑
i

exp(−qτy(Ũ2i))(diam Ũ2i)
α ≤ K , (25)

where K is a small number. Consider the corre-
sponding cover {Ũ1j}, diam Ũ1j ≤ a1ε, of the set
A1δ, satisfying (15). Then∑

j

exp

(
−qm0

n0
τx(Ũ1j)

)
(diam Ũ1j)

α

=
∑
i

∑
j, η(j)=i

exp

(
−qm0

n0
τx(Ũ1j)

)
(diam Ũ1j)

α

≤
∑
i

∑
j, η(j)=i

exp

(
−qm0

n0
τx(Ũ1j)

)
aα1 (diam Ũ2j)

α :

= Q .

Thanks to (15), the last expression Q can be
estimated as follows

Q ≤ S(δ)aα1 e
q
m0
n0
β̄∑

i

exp(−qτy(Ũ2i))(diam Ũ2i)
α

≤ KS(δ)aα1 exp

(
q
m0

n0
β̄

)
.

The last inequality follows from (25). Hence, this

α, which is greater than α
(y)
c (q, A2δ), also satisfies

the inequality

α > α(x)
c

(
m0

n0
q, A1δ

)
.

Therefore,

α(x)
c

(
m0

n0
q, A1δ

)
≤ α(y)

c (q, A2δ) . (26)

Starting with a cover {U1i} of the set A1δ and re-
peating the proof above, we obtain that

α(y)
c

(
n0

m0
q, A2δ

)
≤ α(x)

c (q, A1δ) . (27)

Now assume that q0i := dimP (Aiδ), i.e. α
(x)
c (q01) =

0, α
(y)
c (q02) = 0. Since α

(x)
c and α

(y)
c are monotone,

then (27) implies that α
(y)
c ((n0/m0)q, A2δ) ≤ 0

and therefore q02 ≤ (m0/n0)q01. Similarly, q01 ≤
(n0/m0)q02. It follows that q02 = (m0/n0)q01.

Remark 4.2. We believe that (under some gen-
eral conditions), dimP (A2) = (m0/n0)dimP (A1), as
well. Of course, the Poincaré recurrences on the
“bad sets” B1 and B2 can be different from those on
the A1\B1 and A2\B2. However, since dimB Bi <
dimH(Ai\Bi), i = 1, 2, by assumption, we believe
that a “randomly chosen” point on Ai belongs to
Ai\Bi. In numerical simulations we may neglect
“bad points” and treat the equality (24) as an indi-
cator of (m0/n0)-synchronization. In other words,
if subsystems are (m0/n0)-synchronized, then

〈τx(U1i)〉 ∼ −
b

dimP (A1)
ln ε , (28)

〈τy(U2i)〉 ∼ −
b

dimP (A2)
ln ε , (29)

and

dimP (A2) =
m0

n0
dimP (A1) .

5. Computation of Poincaré
Recurrences and Numerical Results

In this section we consider an algorithm to compute
the average of the x- and y-Poincaré recurrences
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〈τx(U1i)〉 and 〈τy(U2i)〉 as in (7) and (8), respec-
tively, with various diameters ε for the open covers.
We compute the average of τx(U1i) and τy(U2i) by

〈τx(U1i)〉 =
1

Nx

∑
i

τx(U1i) ,

〈τy(U2i)〉 =
1

Ny

∑
i

τy(U2i) .

Here Nx(Ny) is the number of elements U1i(U2i)
with diamU1i ≤ ε (diamU2i ≤ ε) in the cover of
the set A1(A2).

As mentioned in Remark 4.2, we expect that
the averages τx(U1i) and τy(U2i) of topological syn-
chronized subsystems behave as

〈τx(U1i)〉 ∼ −
b

q
(x)
0

ln ε , 〈τy(U2i)〉 ∼ −
b

q
(y)
0

ln ε .

(30)

where q
(x)
0 = dimp(A1) and q

(y)
0 = dimp(A2) are the

dimensions for the x- and y- Poincaré recurrences,
respectively.

To study the Poincaré recurrence of the
continuous-time dynamical system f t: X × Y →
X × Y , we first integrate the system of differen-
tial equations with arbitrary given initial value and
determine an invariant set A ⊂ X × Y . Next we
consider open coverings for A1 = π1(A) ⊂ X and
A2 = π2(A) ⊂ Y . For the invariant sets A1 and
A2 we define sets of open balls {B(xi), ε} ≡ {Uε1i}
and {B(yi), ε} ≡ {Uε2i} of radius ε which uniformly
cover A1 and A2 respectively. We use these sets
of balls to compute the average of the Poincaré
recurrence 〈τx(Uε1i)〉. From (7) and (8) we know
that τx(Uε1i) is the infimum of the first return time
t(x0, U

ε
1i) over all x0 in Uε1i. For each open ball

we can compute the first return time and then
we calculate the average of the Poincaré recur-
rence 〈τx(Uε1i)〉. Then we change ε and proceed
with the same analysis to compute another value of
〈τx(Uε1i)〉. For the analysis of the dimension of the
Poincaré recurrence we plot 〈τx(Uε1i)〉 against − ln ε.
Similarly, we also compute 〈τy(Uε2i)〉 and plot the
graph 〈τy(Uε2i)〉 against − ln ε.

In the remaining part of this section we present
a few examples which show how the regimes of chaos
synchronization in systems with different individ-
ual dynamics can be studied using the Poincaré
recurrence.

Example 1. Mutually coupled nonlinear oscilla-
tors with parametric excitation. The synchroniza-

tion of chaotic oscillations in such oscillators was
studied before in [Afraimovich et al., 1986]. The
dynamics of the coupled parametric oscillators is
given by the following differential equations

dx1

dt
= x2 ,

dx2

dt
= −k1x2 − x1(1 + q1 cos Ωt+ x2

1)

−c(x2 − y2) ,

dy1

dt
= y2 ,

dy2

dt
= −k2y2 − y1(1 + q2 cos Ωt+ y2

1)

+c(x2 − y2) ,

where parameters are k1 = 0.48, k2 = 0.45, q1 =
q2 = 50, Ω = 2.

Figure 1 presents attractors and plots of
Poincaré recurrences calculated for the case of un-
coupled oscillators. Since k1 6= k2 the uncoupled
oscillators (c = 0) have different dynamics. As a
result, the plots 〈τ(Uεi )〉 versus (− ln ε), calculated
for the attractors in the phase spaces x and y, have
different slopes 12.9 and 19.2, respectively. The
dispersion of the calculated values of the slopes is
about 2%. Therefore the difference of slopes is quite
significant, which indicates that attractors have dif-
ferent dimensions of the Poincaré recurrences.

When the parametric oscillators are synchro-
nized the plots of 〈τ(Uεi )〉 versus (− ln ε), calculated
for “x” and “y” oscillators, have the slopes 19.05
and 19.07, respectively. These slopes are the same
taking into account the accuracy of our calculations.
Figure 2 presents such plots and attractors are cal-
culated for the systems with the coupling parameter
c = 80.

Example 2. In this example we consider two mu-
tually coupled autonomous chaotic systems given
by Lorenz equations

ẋ1 = σ1(x2 − x1) + c1(y1 − x1) ,

ẋ2 = ρ1x1 − x2 − x1x3 + c2(y2 − x2) ,

ẋ3 = −β1x3 + x1x2 + c3(y3 − x3) ,
ẏ1 = σ2(y2 − y1) + c1(x1 − y1) ,

ẏ2 = ρ2y1 − y2 − y1y3 + c2(x2 − y2) ,

ẏ3 = −β2y3 + y1y2 + c3(x3 − y3) .
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Fig. 1. Uncoupled parametric oscillators. (top) Phase portraits of the chaotic attractors and (bottom) plots of the corre-
sponding Poincaré recurrences.
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Fig. 2. Synchronized parametric oscillators. (top) Phase portraits of the chaotic attractors and (bottom) plots of the corre-
sponding Poincaré recurrences.



2334 V. S. Afraimovich et al.

−40 −20 0 20 40
−40

−30

−20

−10

0

10

20

30

40

x1

x2

−40 −20 0 20 40
−40

−30

−20

−10

0

10

20

30

40

y1

y2

1.5 2 2.5 3 3.5 4
20

25

30

35

40

45

50

55

60

65

−ln(eps)

av
er

ag
e 

of
 th

e 
fir

st
 P

oi
nc

ar
e 

re
cu

rr
en

ce
s

1.5 2 2.5 3
20

25

30

35

40

45

50

−ln(eps)

av
er

ag
e 

of
 th

e 
fir

st
 P

oi
nc

ar
e 

re
cu

rr
en

ce
s

Fig. 3. Uncoupled Lorenz systems. (top) Phase portraits of the chaotic attractors and (bottom) plots of the corresponding
Poincaré recurrences. The slopes calculated for the plots of the Poincaré recurrences of “x” and “y” systems are 16.54 and
18.43, respectively.
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Fig. 4. Synchronized Lorenz systems. (top) Phase portraits of the chaotic attractors and (bottom) plots of the corresponding
Poincaré recurrences. The slopes calculated for the plots of the Poincaré recurrences of “x” and “y” systems are the same and
equal to 16.27.
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Here we consider a case of slightly nonidentical sys-
tems. The parameters are chosen as follows: σ1 =
16.0, σ2 = 16.02, ρ1 = 45.92, ρ2 = 45.92, β1 =
4.0, β2 = 4.01.

The results of numerical simulations of Lorentz
systems and calculations of Poincaré recurrences for
the case of uncoupled systems (c1 = c2 = c3 = 0
and for the case of synchronized system (with c1 =
500, c2 = c3 = 400) are presented in Figs. 3 and 4
respectively.

6. Conclusions

In this paper we have introduced a notion of
topological synchronization of coupled chaotic
subsystems. Roughly speaking, two subsystems are
topologically synchronized if their Poincaré recur-
rences behave similarly. It means that the first re-
turn time to a small spot of initial states in the first
subsystem is approximately the same as the corre-
sponding one for the second subsystem, provided
that sizes of spots are about the same. In a more
general case, the ratio of first return times for both
systems is approximately a rational number which
does not depend on the positions of spots in at-
tractors. An indicator of similarity of behavior is
based on the notion of the dimension for Poincaré
recurrences. Coincidence (or, more generally, ratio-
nal ratio) of dimensions for two subsystems is only a
necessary condition for topological synchronization,
since it only shows that a similarity occurs “on aver-
age”: the mean of first return times to small spots
for the first subsystem is approximately the same
as the one for the second subsystem. In principle,
there is a logical possibility that Poincaré recur-
rences behave differently in different parts of attrac-
tors, while their mean values are approximately the
same. Nevertheless, we believe that the criterion
we suggested is useful and may serve well in specific
situations with nonidentical subsystems. We would
like to emphasize that for the case of mutual cou-
pling of nonidentical chaotic subsystems there is no
sufficiently general criteria of synchronized regimes.

As mentioned in introduction a very impor-
tant feature of synchronization phenomenon is that
a particular frequency relation, or, in our case, a
relation between the Poincaré recurrences, does not
change within the synchronization zone. The in-
variance of such relations is the essence of synchro-
nization regime. Indeed, two uncoupled identical
chaotic oscillators have the same characteristics of
Poincaré recurrences. However, this is only a re-
sult of identity of these oscillators. There is no

synchronization between them because they are un-
coupled and produce oscillations that are not corre-
lated to each other. In this case a small mismatch
of parameters in these oscillators will change the
relation between their Poincaré recurrences. Being
properly coupled the oscillators synchronize and the
established relation between their Poincaré recur-
rences does not change with the parameters mis-
match while the parameters are in the synchroniza-
tion zone.

Here, we would also like to discuss briefly the
relation between the a symptotic equality for mean
values of the exponents of Poincaré recurrences and
mean value for Poincare recurrences themselves. In
Sec. 4, from (20) and Definition 4.2 the asymptotic
equality 〈e−q0τ(Ui)〉 ∼ εb shows that we may expect
that

〈exp(−q(x)
0 τx(U1i))〉 ∼ εb1 ,

〈exp(−q(y)
0 τy(U2i))〉 ∼ εb2 ,

where q
(x)
0 = dimp(A1), q

(y)
0 = dimp(A2) and

bi = dimB(Ai), i = 1, 2. We may also ex-
pect that dimB(Ai) = dimH(Ai), i = 1, 2. In
this case, Theorem 4.1 implies the asymptotic

equalities 〈τx(U1i)〉 ∼ −(b/q
(x)
0 ) ln ε and 〈τy(U2i)〉 ∼

−(b/q
(y)
0 ) ln ε as in (30), where b = b1 = b2 and

{U1i}, {U2i} are open coverings of A1 and A2 with
diameter ε of open balls designed as in Sec. 5. Thus,
the approximation (30) can be served as a basic in-
dicator of synchronized regimes.

Finally, let us remark that the numerical re-
sults we presented here are related to the cases of
1:1-synchronization only. However some prelimi-
nary consideration shows that the criterium works
for p : q-topological synchronization as well.
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