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We propose a mechanical model for earthquakes which, unlike the well-known Burridge-Knopoff model, takes into account 
the transversal vibrations against the background of a longitudinal moving fault. It is shown that the energy of the moving earth- 
quake fault may generate not only longitudinal but also vertical displacements of the ground. The mechanism of parametric 
instability resulting in stochastic transversal vibrations is responsible for this energy transfer. Numerical experiments show that 
the amplitudes of transversal and longitudinal vibrations have the same order of magnitude. 

1. Introduction 

The interest in the nonlinear dynamic models for earthquakes was stimulated by the papers [ 1,2] of Langer 
who used the Burridge-Knopoff [ 31 model for the description of the California earthquake. In these papers 
the mechanism for the appearance of longitudinal pulsations and their properties that occur due to the energy 
of the longitudinal displacements of litospheric plates were considered. In most real situations, however, the 
longitudinal pulsations are accompanied with vertical transversal vibrations of the plates. As far as we know, 
the mechanism of such vertical vibrations was not considered earlier within nonlinear dynamic models. In this 
paper we propose a model that explains these vertical displacements. 

2. Model 

Following But-ridge and Knopoff [ 31 and Carlson and Langer [ I 1, we will consider the dynamics of a chain 
of blocks that are elastically fixed on one of the plates and are linked to the second plate moving longitudinally 
due to dry friction force. However, unlike the models described in refs. [ l-31, our blocks will move not only 
in the longitudinal but also in the transversal (vertical) directions. Fig. 1 shows a mechanical scheme of this 
model. It is described by a set of equations of the form 

mi’,=F,,+F2,+F3,+Fv,. (1) 

Here r,, is the position vector of the nth block, F,, is the elastic force applied to the block by the springs k and 
Q, Fzn is the force of elastic coupling with the neighboring block that tends to restore the initial distance between 
them, FJn is the elastic force of the transversal deformations which is responsible for the existence of transversal 
shear waves, and Fv,, is the force of friction dependent on the velocity V, (i.e. the velocity of the block relative 
to the rough surface). This latter force is given by the expression F,, = -F(v,)v,/v,,, where v,= Iv,,l. The non- 
linearity F(v) is written in the form 
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Fig. 1. A mechanical analog of a model for earthquake fault. 1 
and 2 are the phases displaced relative one another. The springs 
K and Q model the elastic coupling of the blocks m and plate I. 
The stringy connecting the blocks determines the elasticity of the 
plate and the transversal shearing deformations. 
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We would like to draw the attention to one simplifying fact. Numerical experiments show that the features 
of the spring Q simulating the elastic properties of the bottom layer of the plate, in the first place affect the 
qualitative aspect of processes. Consequently, the effect of this spring in a broad parameter range can be taken 
into account, provided that the coefftcients 1, k and F. are increased. Below we will consider the corresponding 
simplified model. 

On introducing the variables (u,, Y,) that characterize the displacement of the nth block relative to the equi- 
librium point in the longitudinal and transversal directions, eq. ( 1) can be written in the form 
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where V is the velocity of the relative drift of the plate, V> Vo, 

v,=,/(ti,-V)‘+$f;, R,=,/(u,+L’)‘+y5,, t’=L+F(V)/K, 

I “.“+I =&,<-+a)2-(y,+ , AL.,+, =I,.,+, -a, 

K=klm, Kc =k,lm , M=p/m, &=Fo/m. 

(3) 

The elastic force of the transversal shift in eqs. (3) is taken into account only in the linear approximation, 
because such a significant simplification of the model does not affect the peculiarities of the excitation of trans- 
versal vibrations. 

The set of equations (3 ) has a continuous analog: 
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where 

v=~(auiat-v)2+(ay/at)2. 

(4) 

3. The instability of uniform sliding 

The system (4) has a homogeneous stationary solution 

u(x, t) =o ) y(x, 1) =o ) (5) 

which corresponds to uniform sliding. For small perturbations against the background of this sliding 
c(x, t) =u(x, t), ~(x, I) =y(x, 0, (4) yields independent equations for t and II: 

(6) 

where g= -dF( v) /dvl_ y > 0; and cr= F( v) IV= y > 0. It can be readily verified that the longitudinal vibrations 
increase with the growth rate not less than g/2. When g>@, the long-wave perturbations (with the wave- 
length A > A, = 47~z,/m) have higher growth rates: 

A= Jg+ tg2-K-a2Kc(2a/A)‘. 

It is convenient to investigate the nonlinear dynamics of pulsations in the limiting case n+oo (uniform os- 

cillations). Assuming u(x, t)=u(t), y(x, t)=y(t), (4) yields 

d2y dyldt + K d 
$y +Ftu) y 

(u+L’)2+y2-Ly,o 

\/iu+L’ . (7) 

These equations describe also the dynamics of a single elastically fixed block lying on a rough surface moving 

at a constant speed (see fig. 2 ). 

4. Chaotic dynamics of a single element 

There exists only one equilibrium state O,(O, 0, 0, 0) for the values of the parameters F( V) > KL in the four- 
dimensional phase space (u, li, y, j). If the value of the velocity V is chosen on the descending section of the 
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Fig. 2. Mechanical analog of eq. (7 ). 

function F( ~1). this equilibrium state will be an unstable focus or a node. In the region of parameters F( V) < KL, 
besides 0,). there is also an equilibrium state of the saddle type 0, ( - 2L, 0, 0,O). 

The simplest type of motion of the block corresponds to a stable limit cycle that lies entirely on the integral 
surface j!=O. y=O. These are purely longitudinal self-oscillations. The limit cycle loses its stability when the 

velocity Vexceeds some critical value and a limit cycle 7‘that corresponds to both longitudinal and transversal 
vibrations of the block appears in the phase space. It is easily seen from (7) that the emergence of transversal 
instability is determined by parametric excitation due to the periodic variations of the length of the spring k 
that are caused by longitudinal self-oscillations. Note that the periodic variation only of the dissipative term 

related to the changes in the friction force does not result in transversal instability. 
The principal types of self-oscillations observed in the system (7) as the parameter V varies are presented 

in fig. 3 for fixedf,= 1. KC 1, L= I, V,,= 1, a= 5. The transition to chaotic self-oscillations of the block in this 

case is accompanied with the following bifurcations. As the velocity V increases, the limit cycle T (fig. 3a) 
loses its stability and a pair of three-step limit cycles 3T is born in the phase space. One of these cycles is de- 
picted in fig. 3b. Then each of these cycles undergoes a periodic doubling bifurcation (see fig. 3~). A sequence 
of period doubling bifurcations leads to the birth of two mutually symmetric strange attractors which subse- 
quently merge to one symmetric strange attractor as a result of crisis (fig. 3d). 

The scenario described above indicates that a complex chaotic behavior may occur even in the case of a 
solitary elastically fixed block sliding over a rough surface. The excitation of transverse oscillations is respon- 
sible for such a behavior. In terms of the chain of blocks, the appearance of stochastic oscillations in the system 
(7) suggests the existence (for a sufficiently wide region of parameters) of irregular spatially homogeneous 
solutions. However, it follows from numerical simulation that these solutions arc unstable. 

5. The excitation of transversal pulsations along the chain of blocks 

So as to investigate the basic causes of the excitation of transversal oscillations, we will consider the con- 
tinuous model (4). By linearizing the second equation in the system (4) along the longitudinal motions (i.e. 
assuming ~(x, I) and jt(x? I) to bc small), we obtain a linear nonautonomous equation 

a2L 
y$ +F(o) 

a?,lar +K u(x.1) 
1‘ 

y+Mz al4 ax 
u(x,f)+L _ I +au(x, r,/ax =o. 

It follows from this equation that the instability to transversal perturbations is possible only due to para- 
metric excitation, for which the third and the fifth terms of the equation are responsible. The third term is 
responsible for the parametric effect exerted by both the spatially homogeneous and the spatially inhomoge- 
neous oscillations. 

The investigations of purely longitudinal vibrations in the chain of blocks that were carried out in refs. [ I ,2] 
indicate that spatially homogeneous longitudinal oscillations are unstable. This, in turn, may result in the in- 
creased efficiency of parametric excitation due to the fifth term in eq. (8). 
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Fig. 3. Projections of the attractors of system (7) onto the plane of variables (u, y) for K= I. L= I,/,= 1, t’o=O.l. (a) t’=O.48. (b) 

Y=O.4993, (c) Y=O.5, and (d) V=O.505. 
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Fig. 4. Vibrations of the blocks with parameters&,= I, K= 1, L= 1, V,=O.Ol, and V= I. (a) Projection of the established motion of a 

single block (fig. 2) onto the plane of variables (u, y) and (ti, 3). Oscillograms of transversal and longitudinal pulsations of a chain of 

blocks for N= IO: (b) noninteracting blocks (K,=O, M=O); (c) K,= I, L,=3, M= I; (d) vibrations of blocks, taking into account 

supporting springs with the parameters Q/m= I, for K,= I, L,=4, M= 1. 
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Fig. 4. Continued. 
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We will now present results of the numerical simulation of the developing transversal instability using the 
model (3). We will consider the case when the chain consists of 10 blocks, with the parameters of each block 

being fO= I, K= 1, L= 2, V= 1, Vo= 0.0 1 and CY = 5. Note that with these values of parameters a single block 
performs stochastic self-oscillations to which the strange attractor depicted in fig. 4a corresponds. Fig. 4b shows 
the oscillograms of transversal and longitudinal oscillations for uncoupled blocks (K,=O, M=O) having dif- 
ferent initial conditions. 

Similar oscillograms are presented in fig. 4c for the coupled blocks (a= 1, Kc= 1, M= I ) and the initial con- 
ditions u,(O)=O.I sin(0.75n), y,(O)=O.l sin( 1.5n), ti,(O)=v, y,(O)=O, and n= l-10. We can see from the 
oscillograms in fig. 4c that the transversal oscillations are first insignificant while the longitudinal ones are close 
to spatially inhomogeneous oscillations. As the transversal oscillations grow, the motion of the blocks becomes 
more irregular, and the amplitude of transversal pulsations acquires the same order of magnitude as the am- 

plitude of longitudinal motions. 
It is essential that the stochastic vibrations of the chain of blocks along the transversal and longitudinal di- 

rections occur in a broad parameter region. This indicates that such a mechanism of vertical displacement is 

possible for real parameters of the earthquake fault. 
It is remarkable that stochastic behavior may also occur in the case of a few blocks. In particular, chaotic 

motions may appear in a system containing only one block. In this case, chaos is due to the excitation of trans- 

verse vibrations caused by the parametric pumping. 
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