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Abstract 

The results of the experimental observation of synchronized chaos in circuits generating chaotic oscillations with dif- 
ferent characteristic frequencies are presented. This synchronized chaotic behavior is studied in a system composed of an 
autonomous chaotic driving circuit and a response circuit. Onset of synchronization is detected by the auxiliary system 
method. 
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Synchronization of chaotic oscillations, brought to 

attention in Refs. [ l-41, is currently under intensive 
study by many research groups due to the possibil- 
ity of its applications for communications and control. 
This phenomenon was observed and studied for var- 
ious numerical simulations, and in experiments with 
coupled electronic circuits [4-61, lasers [ 7,8], mi- 
crowave generators [ 91, chemical reactors [ lo] and 
neurons [ 111. 

In the majority of studied cases, synchronization of 
chaos is considered as a regime in which two chaotic 
systems exhibit identical chaotic oscillations after 
some appropriate coupling is introduced. However, 
because this regime occurs only when the parame- 
ter values of the coupled systems are exactly tuned 
to specific values, it is clear that this form of syn- 
chronized chaos is a very limited particular case of 
synchronized chaotic behavior. In practice the pa- 
rameters of the synchronizing systems have some 

tolerance. The fact that synchronized chaos was ob- 
served in many experiments indicates that coupled 
systems can support synchronization of chaos even 
if the parameters are slightly detuned Moreover, it 
was shown in Refs. [ 12,131 that when the parameters 
of the coupled systems are significantly detuned, the 
systems can remain synchronized in the sense that the 
projections of the trajectories onto the partial state 
spaces of the coupled systems are connected by cer- 
tain transformations. In Ref. [ 121 we introduced the 
term generalized synchronization of chaos to refer to 
this kind of synchronized behavior and to distinguish 
it from the more trivial case of identical synchronized 
chaotic oscillations, In fact, the first mathematical 
definition of synchronized chaotic oscillations, given 
by Afraimovich et al. [3] includes the possibility of 
nonidentical synchronized chaotic oscillations ’ . It 

’ Note that the definition of “stochastic synchronization” given in 
Ref. [ 31 is not exactly what we call generalized synchronization. 
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Fig. 1. Diagram of the experimental setup. 

has also been mentioned in Ref. [ 31 that the charac- 
teristic frequencies of chaotic oscillations in coupled 
systems may differ by a rational factor after the on- 
set of synchronization. This kind of synchronization 
is quite typical for periodic oscillations, where the 
frequency ratio (known as the rotation number) can 
also, in general, be rational. However, to our knowl- 
edge, experimental observations and even numerical 
simulations of such kind of nontrivial synchronized 
chaotic oscillations have not been reported so far. This 
may be due, in part, to the lack of proper methods for 
analyzing this kind of synchronization. 

In this paper we present an example of synchro- 
nized chaos in which the coupled systems exhibit os- 
cillations with distinct characteristic frequencies. We 
observed this kind of synchronization in an experi- 
ment using electronic circuits. The experimental setup 
consists of an autonomous driving circuit unidirec- 
tionally coupled to a response circuit. The diagram of 
the experiment is shown in Fig. 1. The synchroniz- 
ing signal, XI (r), from the driving circuit is applied 
to the response circuit where it is mixed to the sig- 
nal, crf( yl ( t) ) , produced by the nonlinear converter 
of the response circuit. In order to detect the onset of 
generalized synchronization we use a simple method, 

In panicular, the latter does not require the transformation relating 
the trajectories in the state spaces of coupled systems be one-to- 
one. 

recently proposed in Ref. [ 141, which involves a com- 
parative analysis of the behavior of the response cir- 
cuit and its replica, the auxiliary circuit. 

It was discussed in Ref. [ 121 that chaotic oscilla- 
tions in a drive-response system can be considered 
synchronized when the current state of the response 
system can be predicted from the data measured from 
the driving system alone. This follows from the state- 
ment that, because the chaotic set in the manifold of 
synchronized motion has to be an attractor, the post- 
transient behavior of a synchronized response system 
should not depend on the initial conditions of the re- 
sponse system. Note that, in general, the synchroniza- 
tion manifold can have a very complicated shape and 
cannot be detected from simple observations of its 
projections, even when the manifold is stable. When 
the systems lose synchronization, the driving system 
does not provide complete control of the behavior of 
the response system and, because of the appearance 
of inner instability in it, the post-transient response 
oscillations depend on its initial conditions. 

To detect the synchronized chaos in the experi- 
ment we use the auxiliary system as a predicting de- 
vice [ 141. The auxiliary circuit is driven by the signal 
XI (t) in the same way as the response circuit and has 
no connection with the response circuit, see Fig. 1. 
Therefore, the regime in which the auxiliary circuit is 
synchronized with the driving circuit is stable when- 
ever the response circuit is synchronized. Note that 
both response and auxiliary circuits may be synchro- 
nized to the driving circuit in the generalized sense. In 
this regime due to the identity between the parameters 
of the response and auxiliary circuits they demonstrate 
identical oscillations. Therefore, the auxiliary circuit 
can be considered as the idea1 predictor which can give 
the current state of the response circuit by processing 
the driving signal. At the same time, these identical 
chaotic oscillations can be easily detected. The onset 
of identical chaotic oscillations in response and auxil- 
iary circuits in the presence of small noise and param- 
eter mismatch (which are unavoidable in the experi- 
ments) guarantees the stability of the synchronization 
manifold and, therefore, guarantees synchronization 
between the driving and the response circuits. A de- 
tailed discussion of the auxiliary system method can 
be found in Ref. [ 151. 

To explore synchronization of chaos with a fre- 
quency ratio of 1 : 2 in the experiment we set the pa- 
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Fig. 2. Projections of the chaotic attractors measured in uncoupled circuits with a sampling rate of 20 I(LS. (a) (XI, x3)-projection of the 
attractor in the driving circuit. (b) ( yr , y3)-projection of the attractor in the response circuit, g = 0. 
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Fig. 3. Projections of synchronized chaotic motions measured with 6 = 2.0. The sampling rate is 20 ps. (a) Projection of the chaotic 
motions onto the plane of the variables ( yt , ZI ) measured from the response and auxiliary circuits. (b) Projection of the chaotic motions 
onto the plane of the variables (yt, XI) measured from the response and driving circuits. (c) Synchronized chaotic attractor measured in 
the response circuit. (d) Lissajous figure of the unstable period-l orbit retrieved from the chaotic data. 

rameters of the circuits to the values shown in Table 1. 
The values of the control parameters, LT, for the nonlin- 
ear converters in the driving and response circuits were 

cyI = 22.86 and a2 = 14.0, respectively. Details on 

the implementation of the nonlinear ccnverters, shape 
of the nonlinearity f(x), and meaning of the param- 
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Fig 4. (a) Spectrum of the driving signal, xt (t). (b) Spectrum 

of the signal, ~11 (I), measured from the synchronized response 

circuit. 
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Pig. 5. Waveforms of the synchronized chaotic signals measured 

with R = 2.0. The sampling rate is 20 j~“s. (a) Driving signal, 

xl (t). (b) Synchronized response oscillations, !‘I (t). 

etet (Y can be found elsewhere [ 161. The parameters 
of the auxiliary circuit were tuned to the parameter 
values of the response circuit as close as possible. As 
the coupling parameter we use the amplification, g, 
of the driving signal, XI (t), in the voltage mixtures 

Table I 
Parameters of the experimental setup 

Parameter Driving Response Auxiliary 

circuit (i = 1) circuit (i = 2) circuit (i = 2) 

Li (mH) 144 14.9 74.9 

ri (0) 358 177 176 

C,! (nF) 221 105 105 

C; (nF) 336 161 160 

Ri (kn) 4.96 4.33 4.32 

af(y~ (r) 1 + gxt (f) and ~JYZI (t) 1 + gxt (t), see 

Fig. 1. 

The chaotic attractors measured from the driving 

circuit and the response circuit without driving (g = 

0) are shown in Figs. 2a and 2b, respectively. Despite 

the similarity of the shapes of the chaotic attractors 
the oscillations in the circuits are generated with dif- 
ferent characteristic frequencies. The response circuit 

oscillates twice as fast as the driving circuit. This is 

provided by special settings of the parameters of the 
circuits (see Table 1). The attractor in the auxiliary 
circuit looks exactly the same as the attractor in the 

response circuit shown in Fig. 2b, but the oscillations 

between the auxiliary and response circuits without 
driving are not correlated. 

Let us consider the synchronized chaotic oscilla- 
tions which were observed with g = 2.0. Different 
projections of the synchronized chaotic attractor are 
shown in Fig. 3. The fact that the driving and response 
circuits are synchronized follows from the identity of 

chaotic oscillations measured from the auxiliary and 

response circuits, see for example Fig. 3a. As we dis- 
cussed above, this identity of the post-transient oscil- 

lations in the response and auxiliary circuits guaran- 
tees the stability of the chaotic set in the synchroniza- 

tion manifold. For the same oscillations the projection 

of the synchronized motions onto the plane of vari- 
ables of the drive and response circuits has a rather 

complicated form, which is shown in Fig. 3b. Since 
the shape of this projection is far from being a diag- 
onal, the drive and response circuits are synchronized 
only in a generalized sense as defined in Ref. [ 121. 
The synchronized attractor measured in the response 
circuit differs from the attractor of the driving circuit, 
compare Figs. 2a and 3c. 

The frequency spectra of the signals xl(t) and 
yt (t), and short intervals of their waveforms, are 
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Fig. 6. Projections of the trajectories measured below the threshold of synchronization, with g = 1.23. The sampling nte is 20 ps. (a) 

Projection of the chaotic motions onto the plane of the variables (,vl , ZI ) measured from the response and auxiliary circuits. (b) Projection 

of the chaotic motions onto the plane of the variables (~1, xl) measured from the response and driving circuits. 

shown in Figs. 4 and 5. From these figures one can 

easily see that the synchronized oscillations in the 
drive and response circuits have different character- 
istic frequencies. The mean oscillation period in the 

driving circuit is twice as long as the mean oscillation 
period in the response circuit. Moreover, we found 

that the pairs of unstable periodic orbits embedded in 

the chaotic attractors of the driving and response cir- 
cuits are phase locked with the same frequency ratio 

w~/w~ = i, where wd and wr are the main frequen- 
cies of the orbits in the driving and response circuits. 
Fig. 3d shows the Lissajous figure for the simplest 
unstable periodic orbit (period-l ) retrieved from the 

experimental chaotic data. One can see that moving 
along the period-l orbit the response system makes 
two rotations while the driving system makes only 
one. Similar Lissajous figures were found for other 

unstable periodic orbits embedded in the synchronized 
chaotic attractor. From this analysis it is reasonable 

to assume that the transition to synchronized chaos 

is accompanied by phase locking of pairs of unstable 
limit cycles existing in the chaotic attractors of un- 

coupled driving and response systems. Of course, we 
cannot demonstrate experimentally that all pairs of 

saddle periodic orbits in the driving and response cir- 
cuits are phase locked when the chaotic oscillations 
in the circuits are synchronized. However, this seems 
quite plausible and this phase locking can be consid- 
ered as the mechanism of the onset of synchronized 
chaos. Since in our experiment the synchronization of 
periodic orbits is characterized by the frequency ratio 
I : 2, this ratio can be considered as a characteristic 

of the synchronized chaotic oscillations. 

The type of synchronized chaotic oscillations we 
have considered is observed for an interval of values 

of the coupling parameter, g. This interval is bounded 
both from below and from above. When the value 
of the coupling parameter crosses one boundary of 
this interval, the manifold of synchronized motion be- 

comes unstable and the circuit loses the synchroniza- 
tion. The loss of synchronization can be easily detected 

from the analysis of chaotic trajectories in the projec- 
tions onto the plane of variables of the response and 
auxiliary circuits. The projections of the attractor mea- 

sured near the threshold value after the loss of the syn- 

chronization are shown in Fig. 6. The outbursts from 
the identity between the oscillations in the response 
and auxiliary circuits are caused by the instability of 

the synchronization manifold. This bursting behavior 
is also typical for the dynamics of coupled identical 
chaotic systems just below the threshold of synchro- 

nization [ 17,181. However, in the case of generalized 
synchronization observation of these outbursts with- 
out the use of the auxiliary system is hardly possible, 

unless advanced time series analysis methods are used. 
To summarize, we experimentally observed a non- 

trivial case of synchronized chaotic oscillations in 

a drive-response system. Unlike the previously re- 
ported observations of synchronized chaos in our 
experiments, the synchronized chaotic oscillations in 
the drive and response circuits have distinctly dif- 
ferent characteristic frequencies. The analysis of the 
synchronized motions indicates that this synchronized 
chaos can be characterized by a frequency ratio of 
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I : 2. Examining a few saddle periodic orbits embed- 

ded in the synchronized attractor, we found that the 
onset of synchronization is accompanied by the phase 

locking of unstable periodic orbits in the response 
system by the corresponding unstable periodic orbits 
in the driving system. 

In experiments with different parameter settings we 

observed many other nontrivial cases of synchronized 

chaotic behavior. We also detected bifurcations which 

may cause transformations from one type of syn- 

chronized chaotic behavior to another. Synchronized 
chaotic oscillations with other frequency ratios, such 
as 2 : 1 and 4 : 1, were also observed. The results of 

these experiments and a theoretical analysis will be 

published in a longer paper. 
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